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A BSTRACT
Longitudinal biomarker data and cross-sectional outcomes are routinely collected in modern epidemiology studies, often with the goal of informing tailored early intervention decisions. For example,
hormones such as estradiol (E2) and follicle-stimulating hormone (FSH) may predict changes in
womens’ health during the midlife. Most existing methods focus on constructing predictors from
mean marker trajectories. However, subject-level biomarker variability may also provide critical
information about disease risks and health outcomes. In this paper, we develop a joint model that
estimates subject-level means and variances of longitudinal biomarkers to predict a cross-sectional
health outcome. Simulations demonstrate excellent recovery of true model parameters. The proposed
method provides less biased and more efficient estimates, relative to alternative approaches that either
ignore subject-level differences in variances or perform two-stage estimation where estimated marker
variances are treated as observed. Analyses of women’s health data reveal larger variability of E2 or
larger variability of FSH were associated with higher levels of fat mass change and higher levels of
lean mass change across the menopausal transition.
Keywords Estradiol · Follicle-stimulating hormone · Hamiltonian Monte Carlo · Joint models · Menopause ·
Subject-level variability · Study of Women’s Health Across the Nation (SWAN) · Variance component priors

1

Introduction

The menopausal transition is a critical lifestage that can shape women’s midlife and long-term health. Reproductive
aging and the menopausal transition are characterized by decreasing levels of estradiol (E2) and increasing levels of
follicle-stimulation hormone (FSH) [Randolph et al., 2004]. These two hormones, in addition to having important roles
in regulating reproductive functionality, are also important for regulating other health outcomes [Karvonen-Gutierrez
and Harlow, 2017]. E2 is known to regulate fat mass and a decline in E2 is associated with increased fat mass
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[Colleluori et al., 2018]. Further, across the menopausal transition, women with obesity had lower E2 levels during the
premenopause, but higher levels of E2 during post-menopause as compared to women without obesity [Randolph et al.,
2011]. FSH has also been linked to health outcomes in women; for example, higher levels of FSH may be associated
with increased risk of osteoporosis [Zaidi et al., 2018]. Additionally, FSH appears to be an important predictor of
increased adiposity, reduced energy expenditure [Sponton and Kajimura, 2017, Kohrt and Wierman, 2017] and lower
lean mass during the postmenopause [Gourlay et al., 2012]. Data from animal models suggest that blockage of the FSH
receptor in mice was sufficient to reduce body fat and increase lean mass. [Liu et al., 2017].
A large and well-developed body of literature over the past two decades uses longitudinal biomarker or questionnaire
data to predict health outcomes: an early example is given by Henderson et al. [2000], who tied psychiatric disorder
measures over time to prediction dropout in schizophrenia trials via a subject level random effect in the disorder
trajectory that is also present as a frailty in the time-to-event model. Proust-Lima et al. [2014] link latent classes of
prostate specific antigen to survival models. More recent work by Wang et al. [2017] considers multiple longitudinal
predictors - in their case, measures of daily functioning - to predict onset of Parkinson’s disorder. However, methods
that assess the ability of measures of residual variability are largely lacking in the literature, despite calls for increased
focus on developing methods for variance structures. Such methods may elucidate whether systemic dependence of
variability on known factors could yield both better prediction and improved inference [Carroll, 2003]. This oversight
appears to be a substantial gap in the statistical methods literature given that increased variance can be an early predictor
of instability in biological systems; for example, heart rate variability may be a marker of autonomic dysregulation
given its predictive nature with poor health outcomes [Young and Benton, 2018].
The existing literature often uses a simple two-stage approach with a squared-error estimate of variance obtained from
observed data to predict a single outcome, ignoring the inherent uncertainty in the constructed variance estimates. Joint
modeling efforts are rarer but critical given that statistical uncertainty of the constructed predictors, e.g., mean and
residual variance estimates, can lead to extremely biased estimates of association and uncontrolled sampling variances
[e.g., Ogburn et al., 2021, Wang et al., 2020]. Finally, prediction approaches based on multiple trajectories - which
allow for consideration of residual covariances as well as residual variances as predictors – appears to be completely
absent from the biostatistics toolkit.
This paper is organized as follows. Section 2 provides a brief overview of previous work on variance as a predictor of
health outcomes, highlighting the statistical consequences of ignoring the statistical uncertainty in multiple predictors
for the outcome. Section 3 describes our joint model framework linking the mean and variance trajectory model for
the longitudinal predictors with the model for the outcome. Section 4 conducts extensive simulation studies to show
that our proposed approach produces less biased estimates of the outcome regression coefficients with proper control
of the sampling variances relative to a variety of increasingly complex two-stage competitors that fail to account for
the statistical uncertainty in the subject-level means and in the variances. Section 5 applies our method to assess the
associations between the mean trajectories, variance, and covariance of E2 and FSH and changes in fat and lean body
mass during the menopausal transition using data from the Study of Women’s Health Across the Nation. Section 6
discusses the implications of our work along with limitations and directions for future research.

2

Previous Work on Variances as a Predictor of Outcomes

Joint modeling of longitudinal trajectories and cross-sectional outcomes is a rich area of statistical research [Chi and
Ibrahim, 2006, Ibrahim et al., 2010, Lawrence Gould et al., 2015]. For example, including longitudinal measurements in
joint longitudinal - survival models can provide better estimates of the survival outcome by accounting for the individual
trajectories over time, as shown by Long and Mills [2018], who used a joint model to predict motor diagnosis using
longitudinal characterizations of Huntington’s disease progression taken at annual visits; also see Papageorgiou et al.
[2019] for a comprehensive review. Until recently, most of the focus in the area of modeling individual trajectories has
been on modeling the mean trends. The variability associated with individual biomarkers has traditionally been treated
as a nuisance parameter.
However, interest in both modeling the residual variability of individual trajectories and using these estimates as
predictive variables has been growing. Elliott et al. [2012] studied the relationship between individual variability in
short-term memory tests and long term onset of senility. They found that increased variability in the memory tests were
associated with increased risk of senility. Furthermore, this variability was a stronger predictor of senility than the
mean trajectories. With regards to women’s health, some previous research has considered variance as a predictor of
health outcomes. Harlow et al. [2000] found that women who had increased menstrual cycle variability at a younger
age were more likely to experience abnormal uterine bleeding. The variability of menstrual cycle length was also found
to be an important predictor of menopausal onset [Huang et al., 2014]. Furthermore, Sammel et al. [2001] found that
E2 variability during the menopausal transition was highly predictive of experiencing hot flashes. Jiang et al. [2015]
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modeled the individual mean and variances of FSH hormone levels over time to predict risk of hot flash and found that
the variance of FSH was strongly associated with the risk.
Our work makes two primary contributions to the existing statistical literature: 1) we model individual-level variances
and co-variances of multiple longitudinal trajectories by proposing flexible hierarchical priors for residual variancecovariance matrices that may flexibly vary by subject and 2) we incorporate these subject-level means and variancecovariance matrices for longitudinal data and a cross-sectional outcome in a joint modeling framework, rather than a
two-stage approach that we show to be statistically inferior. Also, to the best of our knowledge, this is the first rigorous
assessment of the role of individual variability of E2 and FSH hormones in predicting body mass composition changes.
2.1

Measurement Error in Multivariate Linear Models

An advantage of joint models relative to two-stage models is that the uncertainty associated with the parameters
estimated in the first stage is carried over to the second stage. Consider a simple linear relationship of the form:
Y = Xβ + ϵ,
(1)
where X is a n × K matrix of K predictors and ϵ is an n × 1 vector of independent normal error terms with mean 0
e
and variance σ 2 . Suppose that the true relationship between Y and X is described by (1), but instead, we observe X,
e = X + U , where U is the matrix of normally-distributed independent measurement errors with mean 0 and
where X
variance-covariance ΣU .
If U ⊥
⊥ X, then in the K = 1 scenario, we know that the estimate of β will be attenuated towards the null [Carroll et al.,
2006, p.42-43]. For K > 1, with multiple predictors measured with error, the estimates of the β are still biased, but the
direction of the bias now depends on the correlation between the measurement errors [Carroll et al., 2006, p.53-55].
Consider the following equation for K = 2 predictors:
Y = α + β1 X1 + β2 X2 + ϵ,
and suppose we measure X1 , X2 with some error:
e1 = X1 + U1 , X
e1 = X2 + U2 ,
X

(2)

(3)
Griliches and Intriligator [1987, p.1477–1479] derive the bias of estimating β1 as:
β1 λ1
β2 λ2 ρ
plim(bb1 − β1 ) = −
+
,
(4)
(1 − ρ2 ) (1 − ρ2 )
e1 in the multiple regression model, λ1 = Var(U1 )/σ 2 is
where bb1 is the coefficient obtained from regressing Y on X
1
2
the relative amount of measurement error in X1 where σ1 refers to the variance of X1 , and ρ is the (true) correlation
between X1 , X2 ; plim refers to convergence in probability. A similar equation can be derived for the bias of estimating
1
β2 in the presence of such measurement errors. We can see, then, that the bias is increased by a factor of
.
(1 − ρ2 )
e2 is a bias towards the null [Griliches and Intriligator, 1987, p.1479].
The overall effect of the additional variable X
For K > 2 variables, the expressions for the bias of each predictor become more complicated to derive. We show
via simulations in Section 4.1.1 that the bias in the mean parameters is clear in the two-stage model linear regression
alternatives to the joint model. Furthermore, we see that that bias in the estimates of the variance-covariance parameters
persists in the two-stage model alternatives. This would be an issue if we believe that individual variability (covariability)
is actually predictive of an outcome of interest.

3
3.1

Proposed Model
Notation

Let D = (Yi , Xij , tij , Wi ) be the observed data for subject i = 1, . . . , N , where Yi ∈ R1 is a continuous outcome,
Xij = (Xij1 , . . . , XijQ )T is a vector of Q time-varying marker values at observation time points tij , j = 1, . . . , ni ,
that may differ by subjects, and Wi = (Wi1 , . . . , Wid )T is a vector of d time-invariant covariates, e.g., race/ethnicity,
activity class.
The proposed model has two connected components. We first specify the regression model for irregularly and
longitudinally observed multiple markers (tij , Xij ), j = 1, . . . , nij ; the second component links the outcome Yi
to time invariant covariates Wi and unobserved individual-specific vectors of regression coefficients and residual
variance-covariance matrices in the model for longitudinal markers, enabling inference about how the mean trajectories
and residual variations are associated with the outcome Yi .
3
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Likelihood
Component 1: Longitudinal Markers

We specify the model for the longitudinal marker data as follows:
Xij | Bi , Si ∼ NQ (µ(tij ; Bi ), Si ) , j = 1, . . . , ni , independently for i = 1, . . . , N,
indep.

biq ∼ NP (βq , Σq ), q = 1, . . . , Q

(5)
(6)

where NQ (µ, S) is a generic notation that represents a Q-dimensional multivariate Gaussian distribution with mean
vector µ and variance-covariance matrix S; µ(t; Bi ) is a Q-dimensional function of time given by Bi = [bi1 , ..., biQ ]T
and biq = (biq1 , . . . , biqP )T is a vector of P regression coefficients for the q-th marker. Here P is the number of basis
functions of time; to simplify presentation in this paper, we assume the same number of coefficients for each marker,
e.g., intercept and slope. In addition, βq = (βq1 , . . . , βqP )T is a vector of population mean regression coefficients that
are specific to the q-th marker. In addition, Equation (6) has assumed individual-specific regression coefficients for any
two markers are conditionally independent.
3.2.2

Component 2: Outcome Regression (OR) Model

The outcome variable Yi is assumed to be related to individual-specific mean and variance-covariance parameters Bi
and Si in the longitudinal marker model (5) as follows:

Yi | Bi , Si , Wi ∼N ηi , σ 2 , i = 1, . . . , N,
(7)
where Wi = (Wi1 , . . . , Wid )T is a vector of d time-invariant covariates; ηi = η(Bi , Si , Wi ; α, γ, γ W ) and
η(·; α, γ, γ W ) is a generic mean outcome regression function parameterized by α (for Bi ), γ (for Si ), and γ W
(for Wi ); α, γ, and γ W are of dimension P Q, Q(Q + 1)/2, d, respectively. In this paper, we will illustrate the
statistical performance of such a formulation by focusing on simple specifications of η(·), e.g., linear models. The
framework readily generalizes to general outcome models; in Section 5.3, we illustrate a model with a Gaussian
scale-mixture outcome regression model for lean mass rate-of-change outcomes.
3.3

Priors

In this section, we specify the prior and hyperprior distributions for the unknown parameters in the two likelihood
components.
Prior for Si
We rewrite Si = Di Ri Di , where Di = diag(di1 , ..., diQ ) is a diagonal matrix of residual variances and Ri is the
associated subject-level correlation matrix. We assume
log(diq ) ∼ N (νq , ψq2 ),

(8)

independently for marker q = 1, . . . , Q, and subject i = 1, . . . , N . Because Ri is a correlation matrix, we only need
to specify the prior distribution for the off-diagonal elements. We consider the special case of Q = 2, where r12i is
unconstrained, and separately the general case of Q > 2, where the components of Ri must meet the positive definite
criterion.
Special Case: Q = 2.
For a 2 × 2 correlation matrix, we place the following prior on the off-diagonal value r12 :
(ri12 + 1)/2 ∼ Beta(a′12 , b′12 ), independently for i = 1, . . . , N.

(9)

Finally, we specify hyperpriors for νq , ψq and (a′12 , b′12 ) by
νq ∼ N (m, ξq2 ), ψq ∼ half-Cauchy(0, τ ), independently for q ≤ Q,
a′12 ∼ Exp(κ), b′12 ∼ Exp(κ′ ).

(10)
(11)

In our application, we set m = 0 and ξq = 10. In addition, we use a half-Cauchy hyperprior on ψq instead of the inverseGamma distribution as this prior is recommended for datasets where the variance ψq may be small [Gelman, 2006]. In
this setting, inferences using the inverse-Gamma distribution are extremely sensitive to the choice of hyperparameter
values [Gelman, 2006, p. 524], which makes the inverse-Gamma prior “not at all uninformative”. The half-Cauchy
distribution avoids this potential issue due to its heavier tail, which still allows for higher variance values.
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Remark 1. The defining feature of our framework is the individual-specific variance-covariance matrices, {Si , i =
1, . . . , N }, over which we must specify a hierarchical prior distribution. Such priors must not be restrictive in capturing
between-subject differences and similarities in the variance-covariance matrices. Focusing on the prior specification
for individual-specific correlation matrices {Ri , i = 1, . . . , N }, standard priors designed for a single unknown
population correlation matrix, e.g., Lewandowski-Kurowicka-Joe (LKJ) prior [Lewandowski et al., 2009], have severe
drawbacks. In particular, the LKJ distribution is governed by a single positive scale parameter, ζ, that tunes the
strengths of the correlations. The off-diagonal elements of a K × K correlation matrix are marginally distributed
as: (rilk + 1)/2 ∼ Beta(a, b), where a = b = ζ − 1 + K/2. This implies that the correlations will a priori be
concentrated around 0. However, in our motivating application, {rilk , i = 1, . . . , N } represent the individual-specific
residual correlations between the l- and the k-th hormone, which 1) by domain knowledge are a priori unlikely to
have a strong prior of being near zero, and 2) may vary between subjects in a way far from the implied distribution of
2 · Beta(a, b) − 1. In Equation (11), we have removed this identity restriction and specified hyperpriors on a and b,
which provides greater flexibility in allowing the data to estimate the true a and b. The same argument can be applied to
the Inverse-Wishart distribution for variance-covariance matrices, which is also governed by a single scale parameter.
In addition, we argue that the Exponential distribution in Equation (11) is a sensible hyperprior on the Beta parameters
as follows: Let x1 , . . . , xn be data from a Beta(a, b) distribution. Assume that a ∼ Exp(λa ), b ∼ Exp(λb ). We
can
Qn also assume a and b are independent a priori. Then the posterior distribution, p(a, b|x) ∝ L(a, b)p(a)p(b) ∝
i=1 exp(− ln B(a, b)+(a−1)
P
Pn ln(xi )+(b−1) ln(1−xi )×exp(ln(λa )−λa a+ln(λb )−λb b) ∝ exp(−n ln B(a, b)+
n
distribution
a i=1 (ln xi − λa ) + b i=1 (ln(1 − xi ) − λb ), which suggests that the posterior
Pn
Pn of a, b would be
updated from a flat prior by subtracting (λa , λb ) from the sufficient statistics i=1 ln xi and i=1 ln(1 − xi ). The
reason for this is that the Maximum Likelihood Estimators (MLEs) for a, b respectively can be approximated by:
b (1−x)
bx
G
1
G
1
b x = exp(n−1 Pn ln(xi )), G
b 1−x =
b
aM LE = +
where G
, bbM LE = +
i=1
b
b
b
b
2
2
1 − Gx − G(1−x)
1 − Gx − G(1−x)
Pn
1
exp(n−1 i=1 ln(1 − xi )), where (a, b) > 1. The posterior modes using the Exponential priors become +
2
b (1−x) exp(λb )
b x exp(λa )
G
G
1
, +
. When λa , λb →
− ∞, the posterior modes
b x exp(λa ) − G
b (1−x) exp(λa ) 2 1 − G
b x exp(λb ) − G
b (1−x) exp(λb )
1−G
1
of a, b shrink towards , which is the Jeffrey’s prior. When λa , λb →
− 0, we recover the likelihood. Overall, these
2
results suggest that the choice of the Exponential distribution is a flexible hyperprior on a, b and thus is a reasonable
choice.
General Case: Q ≥ 3.
For the general case of a Q × Q correlation matrix where Q ≥ 3, the off-diagonal values of the individual correlation
matrices are now more complicated to estimate since the space of valid correlation matrices is a proper subset of the
space of all possible Q × Q matrices. We address this constraint by following the approach of Ghosh et al. [2021]
where the off-diagonal values are parameterized in terms of hyperspherical coordinates. The angles are allowed to vary
freely over [0, π] before being back-transformed into valid correlation values. To illustrate, we specify the prior for Ri
for when Q = 3 as follows (similarly for Q > 3):
r12 = cos(θ12 ), r13 = cos(θ13 ), r23 = sin(θ12 ) · sin(θ13 ) · cos(θ23 ) + cos(θ12 ) · cos(θ13 ),
where θ12 = arccos(c12 ), θ13 = arccos(c13 ), θ23 = arccos(c23 ), and
(ci12 + 1)/2

∼ Beta(a′12 , b′12 ), (ci13 + 1)/2 ∼ Beta(a′13 , b′13 ), (ci23 + 1)/2 ∼ Beta(a′23 , b′23 ).

As in the case where Q = 2, we specify hyper-priors for a′kl , b′kl , k < l, e.g., the Exponential prior.
Priors for population longitudinal marker regression coefficients:
βq ∼ NP (0, ξq2 IP ×P ), independently for q = 1, . . . , Q

(12)

Σq = Kq Lq Kq , Kq = diag{kq1 , . . . , kqP }, q = 1, . . . , Q,
kqp ∼ half-Cauchy(0, τ0 ), p = 1, . . . , P, and Lq ∼ LKJ(ζ), independently for q = 1, . . . , Q

(13)
(14)

where Kq = diag{kq1 , . . . , kqP } is a diagonal matrix and Lq is a correlation matrix. The τ0 , ζ parameters are set
in practice as 2.5 and 1 respectively. It is fine to use the half-Cauchy and the LKJ priors in Equation (14) since, for
each marker q, they are standard hyperpriors for a single population variance matrix Kq and a single population-level
5
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correlation matrix Lq , which is different from Equation (11) that specifies the prior for multiple and individual-specific
variance-covariance matrices. In addition, Gelman [2006] shows that the Inverse-Gamma prior distribution is overly
informative for a hierarchical variance and this issue persists for an Inverse-Wishart on a hierarchical covariance matrix.
We therefore choose to specify half-Cauchy for variances {kqp , p = 1, . . . , P }, and the LKJ distribution for Lq .
Prior for parameters in the outcome regression model For the outcome model, we place diffuse independent
Gaussian priors for each element of the outcome regression parameters (α, γ, γ W ). Finally, to complete the prior
specification, we place a diffuse prior on the outcome residual standard deviation parameter σ ∼ half-Cauchy(0, τ1 ).
In our simulation studies and data analysis, we set the priors on the regression parameters as N (0, 102 ) (a very diffuse
prior in order to allow the data to estimate the parameters) and τ1 = 2.5 (the default suggested by Carpenter et al.
[2017]).
Let Θ = (βq , Σq , ξ, νq , ψq , a′kl , b′kl , α, γ, γ W , σ) denote the unknowns of interest in the proposed model. Let π(Θ)
denote the prior distribution where we have assumed that all parameters in Θ have independent components:
′
′
W
π(Θ) = ΠQ
q=1 [π(βq )π(Σq )π(ξq )π(νq , ψq )]Πk<l [π(akl , bkl )]π(α, γ, γ ))π(σ).

Joint Distribution The joint distribution of the data and unknowns is
P (Θ, D) ∝

Q n
n Y
Y

1

1
exp(− (biq − βq )T Σ−1 (biq − βq ))
2
i=1 q=1
!


′
′
1
(log(diq ) − νq )2
[(rikl + 1)/2]akl −1 {1 − ([(rikl + 1)/2]}bkl −1
×q
exp
2ξq2
Beta(a′kl , b′kl )
2πξ 2
p

(2π)q |Σ|

q

ni
Y

o

1
T −1
p
×
exp − {Xij − µ(tij ; Bi )} Si {Xij − µ(tij ; Bi )}
2
(2π)ni |Si |
j=1


1
(Yi − η(Bi , Si , Wi ; α, γ, γ W ))2
×√
exp
× π(Θ).
2σ 2
2πσ 2
1

(15)

Figure S1 in the Supplementary Materials [Chen et al., 2022] uses a directed acyclic graph to visualize and summarize
the hierarchical relationships between the different components of our modeling framework.
3.4

Posterior Inference

In a Bayesian framework, the inference is conducted based on the posterior distribution P (Θ | D). However, it is
not feasible to derive the closed-form posterior distribution owing to the lack of prior-likelihood conjugacy in our
proposed model. We therefore used Hamiltonian Monte Carlo to draw sequential samples and approximate the posterior
distribution. We implement the model using Stan and the rstan package [Stan Development Team, 2020] as the
interface for running the model and obtaining the posterior estimates. Code to run the joint model and generate the data
used in our simulation studies are provided in attached supplementary files. For our simulations studies in Section 4.1,
4.2 and Section 3 in the Supplementary Material [Chen et al., 2022], we run two chains per independent replicate data
set, with 2, 000 iterations and 1, 000 burn-in. For the data application in Section 5, we ran 4 chains each and 4,000
iterations with 2,000 burn-in. Visual inspection of the traceplots for all model parameters indicated non-divergent
chains. All chains were combined for calculating posterior summaries.
We also examined Stan’s R-hat convergence diagnostic [Vehtari et al., 2021] and the Effective Sample Sizes (ESS) to
determine if the chains had mixed well. The R-hat value for all model parameters was less than 1.05. In the fat mass
rate of change model, the ESS for all of the model parameters was at least 100 times the number of chains used, except
for the model parameter corresponding to individual-level E2 variance and the parameter corresponding to fat mass
proportion at the first visit. This was also the case for the lean mass rate of change model (E2 variance and lean mass
proportion at the first visit). However, the ESS values for these parameter were still above the recommended sample
size number, 5m,
b where m
b is the number of chains [Gelman et al., 2013, p.384]. The R-hat values of these parameters
was also effectively 1.00 in both models. Based on these diagnostics, we concluded that our models had converged. The
posterior predictive checks we conducted (see S@ in the Supplementary Material, Chen et al. [2022]) suggest that our
model generates reasonable estimates for the observed outcomes and trajectories.
6
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Simulation Study

We conducted simulation studies to 1) evaluate our model’s operating characteristics and 2) compare against common
alternatives that could also be used in modeling individual means and variances as predictors of outcomes. We evaluated
our model performance across independent simulation replicates using three criteria: for each method and each
PR
parameter θ, we assess the 1) bias (defined as 1/R r=1 (θb(r) − θ0 ) where θb(r) is the posterior mean of θ obtained from
PR
the r-th replication), 2) the coverage rate of the nominal 95% credible intervals (CrI; defined as 1/R r=1 1{θ0 ∈ Ir }
where Ir is the 95% CrI for parameter θ obtained by computing the 2.5% and 97.5% percentiles of the draws from
the posterior distribution for the r-th replication, and 3) average length of the 95% CrIs obtained across simulation
PR
replicates, defined as 1/R r=1 Tr , where Tr is the length of Ir , i.e., the range of the estimated 2.5% and 97.5%
posterior quantiles for θ in replicate r.
In this section, we present the results from simulation studies with Q = 2 and Q = 3 biomarkers. Additionally, in
Section S3 in the Supplementary Material [Chen et al., 2022], we present a simulation study examining our model
performance when we approximate the true nonlinear relationship between the marker means and variances and the
outcome as linear.
4.1

Simulation 1: Two Biomarkers.

In this simulation, we assume the mean trajectories can be expressed linearly with individual intercepts and slopes.
We generated ni = 6 to 15 time points for N = 1, 000 individuals, which mimics the data used in Section 5. We then
simulated two trajectories for each individual using the following parameters.
Component 1: Longitudinal Markers
Xitq = biq1 + biq2 t + ϵiq , q = 1, 2; Bi1 ∼ N2 (β1 , Σ1 ) , Bi2 ∼ N2 (β2 , Σ2 )




1
−0.05
1
−0.1
β1 = (0, 2)T , β2 = (2, 1)T , Σ1 =
, Σ2 =
,
−0.05
1
−0.1 0.5
log(di1 ) ∼ N (0, 0.75)/2, log(di2 ) ∼ N (0.5, 0.5)/2, (ri12 + 1)/2 ∼ Beta(1, 5).
Component 2: Outcome Regression Model
To generate the outcome for each individual, we assume Yi ∼ N (η(Bi , Si ), σ 2 ) and set
η(Bi , Si ) = α11 bi11 + α12 bi12 + α21 bi21 + α22 bi22 + γ11 si11 + γ21 si21 + γ22 si22 ,
where the true values of α, γ are α = (−3, −3, −3, 3), γ = (2, −1, 2); we did not include other time-invariant
covariates Wi . These particular truth values were chosen so that the distribution of the outcome Yi would be similar
to the distribution of the SWAN body mass outcomes (our data analysis application). Lastly, we set σ 2 = 1. We
present the results for R = 200 replicates in Table 1 for the outcome submodel parameters α, γ. See Table S5 in the
Supplementary Materials [Chen et al., 2022] for the results for the other model parameters.
4.1.1

Alternative Methods

We briefly introduce three common alternatives in our comparative simulation study: two-stage simple linear model
(TSLM), two-stage linear mixed model (TSLMM), and two-stage individual-variance (TSIV) model. We refer to our
joint model as the “Joint Model with Individual Variances", or JMIV.
Two-Stage Simple Linear Regression (TSLM) One of the most simple alternative models we could use is the linear
regression model in two stages. We used the lm() function in R and first fit the following model:
Xitq = βiq0 + βiq1 t + ϵiq , q = 1, 2.
b
b
Here, we will obtain βiq0 , βiq1 via ordinary least squares estimates for the mean parameters biq0 , biq1 . To estimate
si11 , si22 , we collected the residuals from each regression, e.g., rij1 = (xit1 − (βbi10 + βbi11 tij )), j = 1, . . . , ni , and
computed the sample variance of these residuals, which we term “estimated residual variance" for each individual, i.e.,
sbi11 ; similarly, we obtain rij2 and sbi22 . The residual covariance, sbi12 , was estimated by sample covariance of (rij1 , rij2 ).
We then used linear regression to model the outcome based on thenestimated coefficients and residual
o Pvariances and
P
covariances from the first-stage model: E(Yi | others) = q=1,2 αq1 βbiq0 + αq2 βbiq1 + γqq sbqq + q′ <q γq′ q sbq′ q .
For each replicate, we saved the point estimates and 95% confidence intervals to compute the bias, coverage, and
average interval length.
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Two-Stage Linear Mixed Model and Linear Regression (TSLMM) This alternative is a slightly more sophisticated
approach than TSLM. In the first stage, we fit a Bayesian bivariate response linear mixed model with the brms package
[Bürkner, 2017]
Xiq (t) = βq0 + biq0 + βq1 t + biq1 t + ϵitq , q = 1, 2.
We chose to use a Bayesian framework for this model since fitting linear mixed models with multivariate outcomes is
more complicated to implement in a frequentist setting. Standard Bayesian software such as the brms package allows
for easier implementation of multivariate outcome linear mixed models. We place independent N (0, 102 ) priors on the
intercept and slope parameters. We use the preset prior distribution for the random-effects correlation matrix, an LKJ
prior with scale parameter 1, as suggested by Bürkner [2017]. For all other prior specifications, we used the default
prior settings in the brms package.
biq0
We approximated the “Bi ” coefficients for each individual trajectory with the “overall" coefficient estimates: B
biq1 = βbq1 + bbiq1 , where βbqp and bbiqp , p = 0, 1 are the estimated posterior means of the fixed
= βbq0 + bbiq0 and B
and random effects respectively. As in the previous model, we estimated Si by computing the model residuals (e.g.
bi0q + B
bi1q t)) and then computed the variance across all residuals. We also computed the residual covariance
Xitq − (B
to estimate of sb12 . We then fit the same second-stage model as in the TSLM setup to get the estimated posterior means
and corresponding 95% confidence intervals for α and γ.
Two-Stage Individual Variances (TSIV) Model Here, we fit the longitudinal outcome model using Equations (5)
and (6) only (together with their prior specifications in Equation (9), (11) to (12)) and use the estimates of the posterior
b i and S
b i in the model 7 (together with prior specifications 3.3). Note that we do not consider this to be a
means, B
practical alternative to our first two models, since if one goes to the effort of using a non-standard multilevel model for
subject-specific variance-covariance matrices, one might as well go the extra step of bringing them together within a
joint model. However, we do this to investigate the effect of not propagating the statistical uncertainty across the two
components of the model.
4.1.2

Simulation I: Results

Table 1 presents the results of Simulation I. For the two-stage linear regression model, we can see that the point estimates
of the outcome model parameters are attenuated towards the null. This result makes sense given what we know about
bias resulting from measurement error (Section 2.1). Furthermore, the actual coverage rate is quite poor, especially for
the regression coefficients of the variances and covariances (γ).
For the TSLMM approach, the coverage and bias of the α parameters have significantly improved compared to the
TSLM approach, likely due to the linear mixed model appropriately capturing the dependence between individuals’
data points (i.e., appropriately capturing the measurement error in the mean parameters). However, TSLMM still has
difficulty in recovering the coefficients of the variances and covariances, as can be seen by the poor coverage and high
bias of these parameters. This makes sense since this framework assumes that individual random effects variability
can be drawn from a population level variance-covariance matrix (not capturing measurement error in the variance
parameters). This result suggests that if the individual variances and covariances do have an influential role in estimating
the outcome, neither TSLMM nor TSLM will be able to recover the true values of these parameters. Interestingly, the
TSLMM results also show an attenuation towards the null for the γ parameters, but not for the α parameters (although
the bias is negligible). This indicates that the TSLMM alternative is able to better estimate the individual intercepts and
slopes, but not the residual variability.
Compared to the TSLM and the TSLMM approaches, the TSIV approach has noticeably better coverage and lower
bias of the γ parameters. However, compared to our proposed JMIV, TSIV is still uniformly ‘worse‘ across the three
metrics. The bias of the three γ parameters is higher when compared to the bias produced by JMIV. Also, none of
the γ parameters have higher than 90% coverage across the 200 replicates and the average length of the 95% credible
intervals is higher than the 95% credible intervals from the JMIV approach. Across all of the simulation replicates,
JMIV achieved greater than 90% coverage of the true parameters. JMIV also achieved low bias across the simulation
replicates. We do note that the average 95% CrI interval lengths are larger for the Ri parameters than for the Di
parameters (see Supplementary Material S5 [Chen et al., 2022]). This is likely due to the higher uncertainty in estimating
these correlation parameters, which has been captured appropriately. This higher uncertainty is also likely the same
mechanism behind the larger average 95% CrI interval length of the γ12 parameter (corresponding to the covariance of
the two trajectories). Overall, these results demonstrate that our model is able to successfully recover the data generating
parameters while maintaining good coverage and low bias.
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Truth
α11 = -3

Model
Bias Coverage (%) Average Interval Length
JMIV
0.01
98.0
0.29
TSLM
0.33
2.5
0.30
TSLMM -0.01
93.5
0.38
TSIV
-0.02
97.5
0.35
α12 = -3 JMIV
0.01
95.0
0.27
TSLM
0.13
67.5
0.34
TSLMM
0.00
94.0
0.34
TSIV
-0.01
93.0
0.29
α21 = -3 JMIV
0.00
97.0
0.25
TSLM
0.46
0.0
0.29
TSLMM -0.01
92.5
0.40
TSIV
-0.01
89.0
0.32
α22 = 3
JMIV
-0.02
93.5
0.37
TSLM
-0.17
71.5
0.36
TSLMM -0.01
97.0
0.49
TSIV
0.01
95.0
0.43
γ11 = 2
JMIV
0.01
94.0
0.52
TSLM
-0.38
17.0
0.36
TSLMM -0.38
15.0
0.35
TSIV
0.03
76.0
0.41
γ12 = -1 JMIV
0.00
95.5
0.86
TSLM
0.41
35.0
0.65
TSLMM -0.41
31.0
0.62
TSIV
0.04
88.5
0.86
γ22 = 2
JMIV
0.00
98.0
0.43
TSLM
0.62
0.0
0.33
TSLMM
0.62
0.0
0.32
TSIV
-0.01
88.5
0.40
Table 1: Simulation I: bias, coverage, and 95% credible interval (or confidence interval) length across 200 simulation
replicates. We compare our Bayesian joint model (JMIV) to the 1) simple two-stage linear regression (TSLM) 2) the
two-stage linear mixed model-linear regression (TSLMM) and 3) the two-stage individual variances (TSIV) model. See
Section 4.1.1 for details about the alternative methods.

4.2

Simulation 2: Three Biomarkers

Here we again simulate ni = 6 to 15 timepoints each for N = 1, 000 individuals. The simulated longitudinal data is
generated by Xitq = biq1 + biq2 t + ϵiq , q = 1, 2, where Bi1 ∼ N2 (β1 , Σ1 ) , Bi2 ∼ N2 (β2 , Σ2 ) , Bi3 ∼ N2 (β3 , Σ3 ),
and β1 = (0, 2)T , β2 = (2, 1)T , β3 = (1, 1)T ,

Σ1 =



1
−0.05
1
, Σ2 =
−0.05
1
−0.1



−0.1
1
, Σ3 =
0.5
−0.25


−0.25
,
1

log(di1 ) ∼ N (0, 0.75)/2, log(di2 ) ∼ N (0.5, 0.5)/2, log(di3 ) ∼ N (0, 1)/2.
We first generate the following values (c12 + 1)/2 ∼ Beta(1, 5), (c13 + 1)/2 ∼ Beta(1, 5), (c23 + 1)/2 ∼ Beta(2, 2)
and use the approach for Q = 3 markers described in Section 3.3 to generate the individual correlation matrices, Ri .
For the outcome submodel, we set the true values of the regression coefficients as: α = (−3, −3, 3, −3, 3, 3), γ =
(2, −1, 2, −2, 2, 1), where these values were again chosen so that the distribution of the outcome yi would be similar to
the distribution of the SWAN body mass outcomes. Lastly, we set σ 2 = 1 (the variance parameter for the outcome).
We present the results of this simulation study in Tables 2 and 3. We note that the proposed JMIV achieves above 90%
coverage for both the mean (α) and variance-covariance (γ) parameters, which the other models fail to do. With respect
to the α parameters, TSLMM and TSIV both perform well in terms of both coverage and bias. However, substantial
differences in performance are present in the γ parameters. We see that that our model, JMIV, consistently has lower
bias except in the case of γ23 where TSIV achieves lower bias and γ33 where TSLMM achieves lower bias. However,
in both cases, JMIV outperforms the other models in terms of higher coverage (substantially higher coverage in the case
of γ33 ), indicating that JMIV is still a better model choice.
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Truth
α11 = -3

Model
Bias Coverage (%) Average Interval Length
JMIV
0.01
96.5
0.49
TSLM
0.61
2.0
0.56
TSLMM
0.00
93.5
0.69
TSIV
-0.01
96.0
0.64
α12 = -3 JMIV
-0.01
93.0
0.45
TSLM
0.18
77.5
0.62
TSLMM -0.01
94.0
0.62
TSIV
0.00
94.5
0.55
α13 = 3
JMIV
-0.01
96.5
0.50
TSLM
-0.98
0.0
0.55
TSLMM
0.03
93.0
0.74
TSIV
-0.01
92.0
0.59
α21 = -3 JMIV
-0.01
95.0
0.43
TSLM
0.28
47.0
0.53
TSLMM 0.003
95.0
0.73
TSIV
-0.01
96.0
0.81
α22 = 3
JMIV
-0.01
92.5
0.63
TSLM
-0.17
71.5
0.36
TSLMM
0.02
93.5
0.90
TSIV
0.01
93.5
0.65
α23 = 3
JMIV
-0.01
97.5
0.47
TSLM
-0.44
20.5
0.63
TSLMM -0.02
91.5
0.65
TSIV
0.01
96.0
0.59
Table 2: Simulation II: bias, coverage, and 95% credible interval (or confidence interval) length across 200 simulation
replicates for the α parameters. We compare our Bayesian joint model (JMIV) to the 1) simple two stage linear
regression (TSLM) 2) the two stage linear mixed model-linear regression (TSLMM) and 3) the Bayesian two stage
model (TSIV).

Truth Parameter
γ11 = 2

Model
Bias Coverage (%) Average Interval Length
JMIV
-0.01
93.5
1.08
TSLM
-0.43
47.5
0.82
TSLMM
-0.44
43.0
0.80
TSIV
-0.02
83.0
0.97
γ12 = -1
JMIV
-0.04
92.0
1.66
TSLM
1.22
8.5
1.32
TSLMM
1.22
8.0
1.28
TSIV
-0.08
91.5
1.77
γ22 = 2
JMIV
0.03
96.5
0.79
TSLM
-1.23
0.0
0.61
TSLMM
-1.24
0.0
0.59
TSIV
-0.03
87.5
0.76
γ13 = -2
JMIV
0.03
94.5
1.91
TSLM
1.63
2.5
1.33
TSLMM
1.62
2.5
1.29
TSIV
-0.06
82.0
1.78
γ23 = 2
JMIV
0.04
94.5
1.50
TSLM
-0.90
17.5
1.07
TSLMM
-0.92
14.5
1.03
TSIV
-0.01
90.5
1.52
γ33 = 1
JMIV
0.01
94.0
0.54
TSLM
0.01
68.5
0.38
TSLMM -0.002
69.0
0.37
TSIV
-0.02
64.4
0.42
Table 3: Simulation II: bias, coverage, and 95% credible interval (or confidence interval) length across 200 simulation
replicates for the γ parameters. We compare our Bayesian joint model (JMIV) to the 1) simple two stage linear
regression (TSLM) 2) the two stage linear mixed model-linear regression (TSLMM) and 3) the Bayesian two stage
model (TSIV).
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Hormone Trajectories and Changes in Body Mass Across the Menopausal Transition
Study of Women’s Health Across the Nation

The Study of Women’s Health Across the Nation (SWAN) is a longitudinal cohort study that followed women over the
menopausal transition [Sowers et al., 2000]. Seven clinical sites across the United States participated in this study. To
be eligible for the cohort, women had to be between 42-52 years old, had to have had at least one menstrual period and
not used reproductive hormones (e.g. hormonal contraceptives or other exogenous hormones) in the past three months,
had to reside in the geographic area of the clinical site, and had to self-identify as White, Black, Chinese, Japanese
or Hispanic. Serum E2 and FSH biomarker measurements were collected at baseline and during 13 approximately
annual follow-up visits, along with other health measurements. Body composition was measured via dual-energy X-ray
absorptiometry (DXA) at five of the seven clinical site visits. Women also completed questionnaires regarding lifestyle
and socio-demographic characteristics. The comprehensive and longitudinal aspect of this dataset makes it an ideal
application for understanding how individual hormone trajectories affect the rate of change of fat mass and lean mass
across the menopausal transition.
We initially started with women who were enrolled at one of the five sites with body composition measures and who
were not on hormone therapy during the clinical visits where E2 and FSH measurements were taken. After restricting
our analysis to women who had an observed FMP, we had 887 individuals in the dataset. Although there are five
racial/ethnic groups in the SWAN study, the site with Hispanic women did not have body composition data; hence,
Hispanic women are not included in this analysis. After computing the body mass composition windows (see below),
an additional 47 women were deleted from the analysis. The final analytical dataset was completed on 841 individuals,
with a total number of 9,902 hormone measurements.
For the individual trajectory model, we use the log values of FSH (mIU/mL) and E2 (pg/mL) measured at each visit.
The log scale minimizes the skewness of the data and allows us to better determine the overall population trend. We
removed this population trend by fitting a lowess curve to each (log) hormone. This was done by using time to FMP at
each visit as the numeric predictor for the corresponding hormone measurement and using weighted least squares to
obtain the predicted fit at each timepoint. We then subtracted the individual measurements from the lowess estimates.
By removing the common population trends in the data, our model can better approximate the individual trajectories
and individual level variances using a simpler (lower dimensional) subject-level trajectory model. Figure 1 summarizes
the subject-level longitudinal data model fit results for two randomly-selected women. These individual plots in Figure
1 indicate that our model generates reasonable estimates of the individual hormone values.
For the outcomes of interest, we selected fat mass rate of change and lean mass rate of change over a selected window.
We define this window to be from the visit closest to 5 years before the FMP to the visit closest to 5 years after the FMP,
with the requirement that the closest visit be at least 3 or more years before/after the FMP. By doing this, we aimed
to capture the most accurate trend in body composition change that was not fully dependent on a measurement right
before menopause. The fat mass (or lean mass) rate of change is the difference between the ‘first visit’ (pre FMP) and
the ‘last visit’ (post FMP) divided by the amount of time (in years) within each individual window. We normalized the
body mass measurements by using the proportion of fat mass (or lean mass) to body weight (grams) rather than using
the unadjusted body mass measurements (both measured in grams). Figure 2 displays the histograms of these outcomes,
after performing the normalization and rate adjustments.
In the outcome models, we used the correlation between E2 and FSH rather than the covariance as a variable of interest,
since the correlation measure has a more straightforward interpretation and is normalized to the E2, FSH variances. We
also explored interaction terms in the outcome regression, in order to better understand the relationships between the
two hormones, and how these may affect the body mass outcomes. We interacted the individual E2 and FSH intercepts,
individual E2 and FSH slopes, and individual E2 and FSH variances parameters separately for both the fat mass and lean
mass outcomes (for a total of six different models). For both the fat mass and lean mass models, significant interactions
between the E2 and FSH variances were observed.
Finally, by including additional covariates Wi in the outcome regression model, we adjusted for: fat mass (lean mass)
body weight proportion at the ‘first’ visit, race/ethnicity (White, Black, Chinese and Japanese) and sports activity
category. We included race/ethnicity in the models given previous research using SWAN data that found differences in
body mass composition changes among ethnic groups during the menopausal transition [Greendale et al., 2019, 2021].
The physical activity category is a measure of the individual level physical activity trajectories for each subject in the
SWAN study, grouped into categories reflecting: (1) lowest, (2) increasing, (3) decreasing, (4) middle, and (5) highest
physical activity during follow up. For a more detailed description, please refer to Pettee Gabriel et al. [2017]. Table
4 displays the descriptive statistics for the individuals in our analysis, including demographic and physical activity
information. The following sections contain the results from applying our joint model to the SWAN dataset.
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Figure 1: Plots of estimated hormone trajectories for two individuals from the fat mass rate of change model. The solid
lines are the estimated individual mean trajectories, based on the posterior means of Bi , i.e. bbi0 + bbi1 t. The darker
inner intervals around the solid lines are +/ − 1.64 × var(bbi0 + bbi1 t) and the lighter band is +/ − 1.64 × σ
biq , where
σ
biq is the square root of the estimated posterior mean of the individual level variance of hormone q. The dotted lines
represent +/ − 1.64 × σiq5 and +/ − 1.64 × σiq95 where σiq5 , σiq95 are the values of the 5th and 95th percentiles of
the posterior samples of the individual variances for each hormone q. The triangles and squares are the observed E2 and
FSH residuals, respectively. The observed individual fat mass rates of change are shown in bordered boxes.
Variable
Statistic
Value
n
Longitudinal Predictors
Mean/SD
E2 Residuals
-0.04 (0.81) 9,902
FSH Residuals
0.02 (0.61) 9,902
Body Mass Outcome
Mean/SD
Fat Mass Rate of Change
0.001 (0.004)
841
Lean Mass Rate of Change
-0.001 (0.004)
841
Baseline Body Mass
Mean/SD
Fat Mass Prop. at Visit 1
0.36 (0.07)
841
Lean Mass Prop. at Visit 1
0.55 (0.06)
841
Race/Ethnicity
Percent
White (Reference)
47.2%
397
Black
24.9%
209
Japanese
15.3%
129
Chinese
12.6%
106
Physical Activity
Percent
Lowest Activity (Reference)
23.6%
199
Increasing Activity
12.7%
107
Decreasing Activity
22.7%
191
Middle Activity
25.6%
215
Highest Activity
15.3%
129
Table 4: Descriptive statistics of the SWAN dataset based on 840 individuals.
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Figure 2: Histograms of the observed rate of change in fat mass composition (left) and the observed rate of change in
lean mass composition (right).
Coefficient
Variable
Post. Mean 2.5% CrI 97.5% CrI
α11
E2 Intercept
5.02
2.56
7.77
α21
FSH Intercept
0.94
-0.20
2.09
α12
E2 Slope
33.70
4.28
68.54
α22
FSH Slope
-23.82
-42.83
-4.82
γ11
E2 Var.
7.03
2.63
10.92
γ12
E2, FSH Cor.
2.44
-1.51
6.11
γ22
FSH Var.
16.38
5.43
26.42
γ3
E2 Var. x FSH Var.
-33.78
-51.62
-14.47
γ1W
Fat Mass Prop. (First Visit)
-2.05
-2.38
-1.74
γ2W
Black
-0.73
-1.42
0.00
γ3W
Chinese
0.11
-0.80
0.98
γ4W
Japanese
-3.23
-4.07
-2.41
γ5W
Increasing Activity (Cat. 2)
0.30
-0.64
1.26
γ6W
Decreasing Activity (Cat. 3)
0.66
-0.12
1.45
γ7W
Middle Activity (Cat. 4)
0.08
-0.69
0.84
γ8W
Highest Activity (Cat. 5)
-0.76
-1.66
0.18
Table 5: Estimated posterior means and 95% credible intervals for the fat mass rate of change model with variance
interactions. All estimated posterior means and 95% CrI values have been multiplied by 103 .

5.2

Fat Mass Rate of Change

Table 5 displays the results of the fat mass model with variance interactions. We found that the E2, FSH intercepts and
the E2, FSH slopes were all signfiicantly associated with fat mass rate of change. For a one-unit increase in starting E2
(from the population average), this was associated with an average 5.02 × 10−3 increase in fat mass per year.
Since we standardized the hormones to be relative to the population average, the effects of the E2 and FSH variances
can be interpreted as the effect of one hormone’s variability when the other hormone variability is at the population
average. So, when FSH variability was the same as the population variance, then a one unit increase in E2 variability
was associated with a 7.03 × 10−3 increase in fat mass per year. Similarly, when E2 variability was the same as the
population variance, then a one unit increase in FSH variability was associated with a 16.38 × 10−3 inrease in fat mass
per year.
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Figure 3: Visualizations of the effects of the E2, FSH variance terms for the fat mass model (top) and lean mass
model(bottoms).
The top plot in Figure 3 shows a visualization of how the interaction between E2, FSH variances is related to fat mass
change. We can see that when E2 variability was high and FSH variability was low, there was an average higher fat
mass rate of change. However, when both E2 and FSH variability were high, their individual effects on fat mass change
were moderated by the interaction term, resulting in lower fat mass rates of change. This finding suggested that women
who had highly variable E2 and FSH also had, on average, slower fat mass increases than women who had only one
highly variable hormone. E2 and FSH have a tightly coupled relationship since the two hormones balance each other;
thus, if one hormone is highly variable when the other one is not, this could indicate higher deterioration or malfunction
in the reproductive system’s functioning beyond the expected decline during the menopausal transition. If this is the
case, then it would make sense that a greater decline in reproductive functioning may be associated with increased fat
mass gain, since E2 is known to regulate adipose tissue.
In this fully adjusted model, fat mass as a proportion of overall body mass at the first visit was also negatively associated
with the outcome (an average −2.05 × 10−3 fat mass decline per year). Black women and Japanese women, compared
to white women, had slower fat mass gain (−0.73 × 10−3 per year and −3.23 × 10−3 per year, respectively).
5.3

Lean Mass Rate of Change

Initially the Gaussian outcome assumption did not appear to be a good fit for the observed outcome. In particular, the
residuals suggested overdispersed variances with a common mean, so we allowed the outcome to be modeled as a
mixture of two Gaussian distributions with equal means but different variances:
Yi |zi , η(Bi , Si , Wi ), σ12 , σ22 ∼ N (ηi , σz2i ),
zi |π ∼ Bernoulli(π),
π ∼ Beta(1/2, 1/2), σ1 ∼ half − Cauchy(0, 2.5), σ2 ∼ half − Cauchy(0, 5)
where zi is an unobserved indicator variable indicating membership in the first mixture component; zi = 1 for the first
component. Because the mean is equal across the mixture components, the interpretation of the regression parameters
will be the same as for the fat mass models despite the additional variance parameter.
Table 6 displays the estimated coefficients for the lean mass model with variance interactions. A one-unit higher E2
intercept (above the population mean) was associated with an average −2.54 × 103 decline in lean mass per year. A
higher individual FSH intercept was also negatively associated with lean mass; a one-unit higher starting FSH was
associated with an average −1.49 × 103 decline in lean mass per year.
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Coefficient
Variable
Post. Mean 2.5% CrI 97.5% CrI
α11
E2 Intercept
-2.54
-4.74
-0.40
α21
FSH Intercept
-1.49
-2.47
-0.59
α12
E2 Slope
-18.46
-46.02
6.65
α22
FSH Slope
16.27
-1.02
33.40
γ11
E2 Var.
14.62
9.56
20.27
γ12
E2, FSH Cor.
-3.53
-7.67
0.14
γ22
FSH Var.
29.70
18.17
41.88
γ3
E2 Var. x FSH Var.
-46.35
-67.53
-26.88
γ1W
Lean Mass Prop. (First Visit)
-24.92
-29.69
-19.89
γ2W
Black
0.86
0.26
1.48
γ3W
Chinese
1.59
0.81
2.36
γ4W
Japanese
0.51
-0.19
1.22
γ5W
Increasing Activity (Cat. 2)
-0.04
-0.83
0.77
γ6W
Decreasing Activity (Cat. 3)
-0.09
-0.75
0.62
γ7W
Middle Activity (Cat. 4)
0.16
-0.51
0.85
γ8W
Highest Activity (Cat. 5)
1.02
0.23
1.81
Table 6: Estimated posterior means and 95% credible intervals for the lean mass rate of change model with variance
interactions. All estimated posterior means and 95% CrI values have been multiplied by 103 .

We found that when the individual E2 variance was at the population mean level, a one unit increase in FSH variance
was associated with a 29.70 × 103 increase in lean mass per year. The interaction term of E2, FSH variances was also
negative, which indicates that the positive relationship between higher E2 variance and lean mass rate of change was
weaker when FSH variability is also high (and vice versa for the relationship between FSH variance and lean mass
change). This also corresponds with the E2, FSH correlation term, which is negatively associated with the outcome
(although in this model, the 95% CrI contains 0 so the correlation is not significantly associated with the outcome).
The bottom plot of Figure 3 displays how the variance interaction affects lean mass change for different values of E2
variance and FSH variance. When E2 variability was high and FSH variability was low, there was an average higher
lean mass rate of change. This was also true when FSH variability was high and E2 variability was low. However,
when both E2 and FSH variabilities were high, their effects on lean mass change was moderated by the interaction
term, resulting in average lower lean mass changes. Women who had highly variable E2 and FSH also had, on average,
slower lean mass increases than women who had one, but not both, highly variable hormone. This result mirrors the
result from the fat mass rate of change model, where we also saw that the variance interaction term moderated the
effects from the E2 and FSH variance terms.
Unsurprisingly, lean mass proportion at first visit was negatively associated with lean mass change (−24.92 × 103
decline per year). Black and Chinese women also had faster lean mass gains compared to white women on average
(0.86 × 103 increase per year and 1.59 × 103 increase per year, respectively). Finally, women in the highest activity
group also had higher lean mass increases than women in the lowest activity group (1.02 × 103 increase per year).

6

Discussion

We have presented a joint modeling approach for estimating individual-level mean and variance-covariance matrices
based on longitudinal marker trajectories, which are then linked to a cross-sectional outcome. Simulations show that our
model outperforms alternative approaches to this research problem. Analysis of hormone trajectories data reveal that
the variability of E2 does have a statistically significant association with the rate of change of body mass composition
across the menopausal transition.
Our work is important for both methodological development of joint models and for women’s health research. Our
model estimates both mean longitudinal trends and the residual variability of these individual trajectories, and propagates
the estimation uncertainty into the second submodel. This joint modelling is important for obtaining accurate estimates
(in terms of low bias, higher coverage and lower variability) of how the individual-level parameters are linked to the
outcome. Simulation results demonstrate that our model outperforms common two-stage approaches. Substantively,
understanding how the individual-level variability of two hormones (E2 and FSH) is associated with changes in body
mass composition had not been well explored. Our analysis of the SWAN data revealed that higher variability in E2
and FSH are linked to both faster rates of fat mass and lean mass change. Our analysis of the SWAN data revealed
that higher variability in E2 and FSH are linked to both faster rates of fat mass and lean mass change. Additionally,
women with highly variable E2 and FSH tended to have slower fat mass increases and slower lean mass increases than
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women who had only one highly variable hormone. These findings can serve as a basis for further investigation of how
hormone variability affects such health outcomes.
As mentioned above, joint estimation of longitudinal variables and scalar outcomes can be useful for understanding of
scientific questions in many areas. With longitudinal biomarker data becoming more readily available (e.g. wearable
devices), we need statistical methods for analyzing these types of data. Our proposed method addresses the gap in
methods by 1) providing a framework for jointly modeling longitudinal and cross-sectional data and 2) explicitly
modeling individual-level variability in the longitudinal trajectories, which can improve understanding of the relationship
between longitudinal predictors and health outcomes.
6.1

Remark

In our simulation studies and scientific application, we made the simplifying assumption to exclude covariates Wi in
modeling the longitudinal markers (Equation 5). In mathematical terms, this means that the likelihood functions of
Xit , Bi , Si , Wi are:

f (Xit | Bi , Si , Wi ) = f (Xit | Bi , Si )
f (Bi , Si | Wi ) = f (Bi , Si )
For the scientific application, our main focus was to evaluate the overall marginal effects of the biomarker hormone
means and variances on the body mass outcomes of interest. In particular, the effects of the variance and correlation
parameters were of key interest, since the associations between individual E2 and FSH variabilities (and co-variability)
and body mass changes had not been previously explored. The estimated coefficients for the Bi , Si described in Section
5 should be interpreted as marginal effects, rather than conditional on the other adjusted covariates. For this particular
scientific application, we believed that this assumption resulted in a more straightforward interpretation of the mean,
variance, and correlation parameters. The decision to include or exclude Wi in the longitudinal submodel should be
made with the specific research application in mind and whether or not the simplifying assumption makes sense for the
particular context.
6.2

Future Work

One extension of this work could be to model the individual variances as being functions of time, i.e. Sit . E2 and
FSH are known to be highly variable as women approach their final menstrual cycle, so estimating Sit may better
capture such changes in the biomarker variances. To obtain these estimates, we would likely need a larger dataset
(with both more individuals and timepoints) than is currently available with the SWAN study. Another methodological
extension could be to extend this model to account for missingness in both the trajectory data and the outcome data.
For this analysis, we removed the missing values in the hormone data and only analyzed individuals with observed
body mass outcomes. Although less than 5% of the values in our dataset were missing, analyzing complete case data
only could still result in biased inference. In the SWAN dataset, individuals can be subject to intermittent missingness
as well as dropout; these types of missing data patterns could be addressed in future work. Finally, an alternative
approach could extend the work of [Jiang et al., 2015] in using latent class models to capture the impact of the means
and variances of multiple longitudinal trajectories on health outcomes. Finally, we note that increasing the number of
longitudinal trajectories may result in a form of η(·) in the OR model that is complicated to estimate, since the number
of variance-covariance parameters increases quadratically with the number of trajectories. Some type of dimension
reduction procedure may be useful in these settings, although retaining interpretability may be challenging.
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