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This supplement is organised as follows. We begin with a list of commonly used notations
in the supplement. We next introduce some technical definitions in Appendix |Al In Appendix
we present the proofs of Lemma [T} Theorems and[3] Finally, in Appendix [C, we detail

the simulation setting and present some additional simulation results.

Notations

S; The state vector at time ¢

A, The action taken at time ¢

R, The immediate reward at time ¢

F, The state transition function at time ¢, i.e., Sy11 = Fi(St, Ay, &r)
V™  The state value function under 7

T The value under 7, aggregated over different initial states

n
Q°""  The optimal Q-function
CA)[TLTQ] The estimated optimal Q-function using data collected from the interval [7}, T3]

B\[TLTQ] The estimated regression coefficients using data collected from the interval [T7, T5]

*The first two authors contributed equally to this paper



Bir, z,) The population limit of Sir, 1)

¢1(a,s) The set of sieve basis functions of length L

U A candidate change point location
¥ The discounted factor, between 0 and 1
€ The boundary removal parameter

TS The test statistic

TS®  The bootstrap test statistic

A Some Technical Definitions

We first introduce the class of p-smoothness functions. For a J-tuple o = (ay,...,ay)" of

nonnegative integers and a given function ~ on S, let D* denote the differential operator:

X ool ()
D h(S) = m

Here, s; denotes the jth element of s. For any p > 0, let |p| denote the largest integer that is

smaller than p. The class of p-smooth functions is defined as follows:

Dh(s;) — D
Alp,c) = qh: sup sup|D®h(s)| <¢, sup  sup Do) LESQ)’<
ladh<lp) s€S o=l mes lsi = sal5
S1#£89

for some constant ¢ > 0.

B Proofs

Throughout the proof, we use ¢, ¢, C, C' to denote some generic constants whose values are
allowed to vary from place to place. For any two positive sequences {ax.r} N1, {On 7} N1, the
notation ay r = by means that there exists some constant C' > 0 such that a7 < Cby r for

any N and 7.



B.1 Proof of Lemma ([l

We prove Lemma|I]in this section. Define

77EFTJrl):oo = E{Eﬂ < Z ’Yth+T+1 |ST+1> },

t>0

for any policy 7. Since the rewards are uniformly bounded, >, ,, 7| R;| is bounded by O(7)
where the big-O term is uniform in 7. As M diverges to infinity, N7 41):00 CAN be uniformly
approximated by

M—
MT+1):(T+M) = E{Eﬂ< ’Yth+T+1|5T+1) }, (B.1)
0

t=

[y

with arbitrary precision, for any 7.

Similarly, EVT(S;,1) can be uniformly approximated by

M-1
ngzrl):(TJrM) = E{EW’FT’TT< Z ’Yth+T+1|ST+1> }, (B.2)
=0

with arbitrary precision, where the second expectation is taken by assuming that the transition
and reward functions equal to F7r and r7, respectively.
For any sufficiently small constant ¢ > 0, it follows from the assumption in formula (4) in

the main paper that

sup sup |P(Fy(s,a,e1) €S) — P(Fii1(s,a,e1) €S)| <e,
T<t<T+M a,s,S
(B.3)
sup  sup |ry(a, s) — repa(a, s)| <e,
T<t<T+M a,s

for sufficiently large N'7T'. In the following, we aim to show that the difference between (B.1)
and is O(e), for any M. Since € can be made arbitrarily small and M can be made
arbitrarily large, the proof is hence completed.

First, it follows from (B.3|) that
sup [P(Fr(s,a,e1) € S) —P(Frij(s,a,e1) € S)| < je and |rp(a, s) — rryi(a, s)| < je(B.4)
S

forany 1 < j < M and any (a, $).



Second, for any 0 < 5 < M, we define n( ) as the cumulative discounted reward

T+1) (T+M

under 7, assuming that the transition and reward functions equal /7 and 77 up to time point 7'+

J,and equal { Fr iy }x~; and {774y }x>; from T+ j+1to T'+ M. By definition, n?fi{):(TJrM) =

7, T

NT41):(T+M) L = n when 7 = 0. To bound the

(T+0):(T+M) — Nr+1)(T+M)

difference between (B.I)) and (B.2)), it suffices to bound

when j = M and 7

T, T,j+1 w,T,j
Z 61y ar) — Dy (B.5)

T, T,54+1 w,T,j

Third, for any j < M, the difference |1 (T4 1)(T+0) ~ 1) (T0)

by

| can be upper bounded

V|E{E™F T (BT Ry | St ja)[Sroa} — E{E™ T (E™ Ry j11]S74j41) | S741

P E{E™ T (BT TV (S1y42)| Sty 41)|Srga } — B{E™TT BTV (S1y42) Sty 41)|S4a -

Since the reward is uniformly bounded, so is the value function V™. By (B.4)), the first line is
bounded by 77¢(j + 1), and the second line is bounded by v7™'e(j + 1)C where C denotes the
upper bound for the value function. As such, is upper bounded by
(C+1) nyjg(j +1) = 0O(e).
J

The proof is hence completed.

B.2 Proof of Theorem

We begin by introducing the following auxiliary lemmas. Specifically, Lemma [B.1] derives
the uniform rate of convergence of the estimated Q-function. Lemma provides a uniform
upper error bound on |/I/I7[T17T2} — Wi, 1y)|- Without loss of generality, assume 7y = 0. Their

proofs are provided in Sections [B.3|and [B.4] respectively.

Lemma B.1. Under the null hypothesis, there exists some constant €y > 0 such that

sup ’@[Tl,Tz}(a> 5) - Qopt(aa 8)‘ = O{<NT>7€0}7
a,8,To—T1>€eT

with probability at least 1 — O(N~YT~1), where € corresponds to the boundary removal pa-
rameter defined in Section



Lemma B.2. Under the null hypothesis, there exists some constant ¢ > 0 such that || W[},ll mll2 <

¢ and that supy, 7,>cr |W[T1 7] — Wirm)| = O{(eNT)~Y/2\/L1og(NT)} with probability at

least1 — O(N-YT~1). Here, W[;117T2] |l2 corresponds to the matrix operator norm of W[ETQ].

B.2.1 /,Type Test

We begin with an outline of the proof of Theorem [I] The proof is divided into four steps.

In Step 1, we show there exist some constants ¢, C' > 0 such that
P(|VNT(TS; —TS})| < C(NT)™°) — 1, (B.6)

where
T-1
. Ju(T —w) | 1 ~ ~
TS = eT<'Iullz(ifie)T N {? ; ;/JQ[O,M (a,s) = Qum(a, S)|Wf(a|5)P§(3)dS} )
where p? denotes the marginal distribution of S; under the behavior policy. By definition, TS}
corresponds to a version of TS; by assuming the marginal distribution of the observed state-
action pairs is known to us.

In the second step, we define

N Tp—1

~ 1 _ ~

QIE,i?l,T2](a7 3) = md(a, S)W[Tlljz] Z Z ¢L(Ai,ta Si,t)(si,t(ﬁ[Tl,Tz})ei,h VT17T2>
=1 t=T

a version of @l[’Tl TQ](a, s) with ﬁ/\[;ll ] replaced by its oracle value, and establish a uniform

b,0

~ ~
upper error bound for max; ., 1 1, |Qpp, 1,y (At Sit) =@y 1,

(Ai+, Sit)|- Specifically, we show
that there exists some constant ¢ > 0 such that the uniform upper error bound decays to zero at
a rate of O{(NT)~1/2=¢}, with probability approaching 1 (WPA1). By triangle inequality, we

can show that
P(|VNT(TS} — TS}")| < C(NT)™) — 1, (B.7)

for some constant C' > 0, where

b,0 u(T — u) 1 — 6,0 0,0
TSl = max Z |Q[07u](Ai,t7 Si,t) - Q[u,T] (Ai,h Si,t)| .

eT<u<(1—e)T T2




Using similar arguments as in the proof of in Step 1 (see Pages 7 —9), we can show that
ITS5? — TS*| is upper bounded by C'(NT')~¢ for some ¢, C' > 0, WPA1, where

R L= 5 ) oy [ AR eI

This together with yields that
P(IVNT(TS} = TS;")| < C(NT)™) = 1,
for some constants ¢, C' > 0. It also implies that
P(|VNT(TS! — TS!™)| < C(NT) “|Data) = 1. (B.8)

In the third step, we define TS]" to be a version of TS] with Q iy, 15) replaced by the leading
term in Assumption (A1). Similarly, we define TS?** to be a version of TS?* with i B[Tl )

replaced by the oracle value 6;,. We will show that

B(|VNT(TS; = TS}")| < C(NT)™) = 1,

(B.9)
P(|VNT(TS?* — TSY™)| < C(NT) °|Data) = 1.
Combining the results in (B.6)-(B.9), we have shown that
P([VNT(TS; — TST")| < C(NT)~°) — 1,
(B.10)

P(|VNT(TS; — TSY™)| < C(NT) °|Data) 5 1.

In the last step, we aim to show the proposed test controls the type-1 error. A key step in
our proof is to bound the Kolmogorov distance between TS]* and TSIf**. This together with
yields the validity of the proposed test. Notice that TS]™ can be viewed as a function of
the set of mean zero random vectors

2= SESS o s~ el S
u L ity zt it ( _u)

i=1 t=0

Gr(Aig, Sit)diy : u} . (B.11)

Similarly, TSI{’** can be represented as a function of the bootstrapped samples

W[01] N u-1 W[ 1T N T-1
{ 2 = ) ZZ¢L A; t Szt 1t€zt N(Tu u) Z ¢L(Ai,tasi,t)5ztei,t : u}(B.lZ)
i=1 t=0 i=1 t=u

6



When 7" and L are fixed, the classical continuous mapping theorem can be applied to establish
the weak convergence results. However, in our setting, L needs to diverge with the number of
observations to alleviate the model misspecification error. We also allow 7' to approach infinity.
Hence, classical weak convergence results cannot be applied. Toward that end, we establish
a nonasymptotic error bound for the Kolmogorov distance as a function of N,7" and L, and
show that this bound decays to zero under the given conditions. The proof is based on the
high-dimensional martingale central limit theorem developed by Belloni and Oliveiral (2018).
We next detail the proof for each step.

Step 1. For each u, we aim to develop a concentration inequality to bound the difference

T-1 N
‘W{NTZZZ/‘Q[OU Altaslt) Q[U,T](Ai,t75i7t)|
t=0 i=1 a (B13)

— |Qpou(a, s) — Qur(a, s)[]x’(als)p ()dsH

In the proof of Lemma [B.1, we have shown that supy, 7, || E[TLTQ} = By myll2 = O(L7°) for

some constant ¢ > 1/2, with probability at least 1 — O(N~1T1).

Define the set Bir, 1,)(C) = {8 € R" : [|8 — By, 1 ll2 < CL™¢}. Tt follows that there
exists some sufficiently large constant C' > 0 such that B[TI,TQ] € Bir, 1) (C) with probability
atleast 1 — O(N~'T~1). (B.13) can thus be upper bounded by

T-1 N
gleg’i}iﬁ : QNT;;{ML (A 50) (B = Bo)| = Elo L (Aus, Si) (B = B2)I}| . (B.14)
2€ [uT]

The upper bound for can be established using similar arguments as in the proof of
Lemma To save space, we only provide a sketch of the proof here. Please refer to the
proof of Lemma for details.

Notice that the suprema in are taken with respect to infinitely many [s. As such,
standard concentration inequalities are not applicable to bound (B.14). Toward that end, we
first take an e-net of B ,)(C) and By, 71(C) for some sufficiently small ¢ > 0, denote by
Bj,.,(C) and By, 1,(C), respectively, such that for any 5 € Bio,(C) (or Bpu,71(C)), there ex-

ists some 3* € By, (C) (or B}, 11(C)) that satisfies || —3*||> < €. The purpose of introducing

7



some an e-net is to approximate these sets by collections of finitely many (s so that concentra-
tion inequalities are applicable to establish the upper bound. Set ¢ = C'(NT) 2L ~¢. It follows
from Lemma 2.2 of Mendelson et al. (2008) that there exist some By, ,(C') and B, 1, (C') with
number of elements upper bounded by 5%(NT)?E.

Under (A4), we have sup, , ||¢r(a, s)||2 = O(V/L). Thanks to this uniform bound, the
quantity within the absolute value symbol in (B.14) is a Lipschitz continuous function of
(81, B2), with the Lipschitz constant upper bounded by O(v/L). As such, (B.14) can be ap-
proximated by

T—

,_l

1 - .
WS | AT 2 2 2091w S.)(Br = Po)l = IO (i Si) (51 = )1} (B.19)

BQEBE‘M’T](C)

a

~
I(B1,B2) (without absolute value)

with the approximation error given by O(Cv/LN ~2T~2L~¢) where the big-O term is uniform
n u.

It remains to develop a concentration inequality for (B.13). Since the number of elements
in Bj, ,,(C) and By, ;,(C) are bounded, we could develop a tail inequality for the quantity
within the absolute value symbol in for each combination of 3; and 35, and then apply

Bonferroni inequality to establish a uniform upper error bound. More specifically, for each pair

(B1, B2), let

~
—

N
> [E{I6L (Ais, Set) (Br — Bo)l|Sia—1} — EloL (Ais, See) (B — Ba)],

=1

I*(B1, B2) =

2N\/_ ‘

with the convention that S; ;1 = (). Notice that [(f;, 82) — I*(f1, f2) forms a mean-zero

Il
=)

martingale under the Markov assumption, we can first apply the martingale concentration in-

equality (see e.g., Tropp, 2011) to show that

11(B1, Ba) — I*(B1, B2)| = O(L™*°/N—1T-11og(NT)), (B.16)

for some £, > 0, with probability at least 1 —O{(NT)~°L} for some sufficiently large constant
C > 0. Here, the upper bound O(L~%0\/N-1T~1log(NT)) decays faster than the parametric

rate, due to the fact that the variance of the summand decays to zero under the condition that

8



sup, ., |01 (a, $)(Bo,u) — By | = O(N~T) for some ¢g > 1/2, imposed in the statement
of Theorem (1] Specifically, notice that Var{¢; (A, S;)(81 — B2)|S;—1} is upper bounded by

E[(6] (Ar (B — B2)15-1] < SE6T (An S0 By — Bua) 1S

+3E[{ ¢ (Ar, St) (B — Biou)) Y21 Se—1] + 3EH S (Ar, So) (B2 — Bi) }1Se—1] < C(NT) 2
+C e { [ 6000 010l 0105 (50— G182 ~ )

— OVT) ™5 + Ofmax([Bs — BB 182 — Bty |20} = O(NT) ™5 4 O(L™),

for some constant C' > 0, where the first inequality is due to Cauchy-Schwarz inequality, the
second inequality is due to the condition on sup, ., [¢; (a, $)(Bjo,u) — Bmy)|> and the first
equality is due to (A4) and the fact that p is uniformly bounded (see (A3) and the definition of
the p-smoothness function class in Section [A).

Next, under (A5), the transition functions {F;}; satisfies the conditions in the statement
of Theorem 3.1 in Alquier et al. (2019). In addition, under (A4) and the condition that
SUp, 4., |01 (a, $) (Bl — Brr)l = O{(NT)“} for some ¢ > 1/2, each summand in
the definition of I*(f;, B2) is upper bounded by O(L~°) for some ¢ > 1/2. We can apply
the concentration inequality for non-stationary Markov chains developed therein to show that

[I*(By, B2)| = O(L=%0\/N-'T-11og(NT)), with probability at least 1 — O{(NT)~“*} for

some sufficiently large constant C' > 0. Similarly, the upper bound O(L =0/ N -1T~1log(NT))
decays to zero at a rate faster than the parametric rate due to that each summand E{| ¢} (A;, Si¢) (81—
B)ISii—1} — Elof (Ais, Sit)(B1 — Ba)| is bounded by O(L~min(ec)) This together with the
upper bound for |1 (51, B2) — I*(51, f2)| in (B.16), Bonferroni inequality and the condition that
L is proportional to (NT')% yields the desired uniform upper bound for (B.13). This completes
Step 1 of the proof.
Step 2. By definition CAQZ[’T? ) (Ait, Sit) — @[)Tl,Tz} (Ai+, Sit) is equal to the sum of

N Tp—1

1 B R
m¢z(Ai’t7 Si,t)(WT TQ] T1 ) Z:l tZ gbL it Sz t /7t/(ﬂ[T1,T2])€z‘/7t/ (B17)



and

N Tp—1

1 ~
W%(Am Si)Witay D Z dr(Av, Sp) (050 (Biry 1) — 05y )ewr . (B.18)
/ 1 t/

Consider the first term. In Lemma we establish a uniform upper error bound for ||/I/I7[T1 o]~
Wiz, 13)||2 and show that HW[}iTQ] |2 is upper bounded by some constant. Using similar argu-
ments in Part 3 of the proof of Lemma 3 in Shi et al| (2021)), we can show that H/W[iljz] —
W[il,Tz] |2 is of the same order of magnitude as ||/VI7[T17T2] — Wir, 1)||2- The boundedness as-
sumption of R; implies that the Q-function is bounded. This together with Lemma [B.T]implies
the estimated Q-function is bounded as well, and so is d;/ 4/ (B[ThTQ]). By (A4), the conditional
variance of given the data is upper bounded by

N Th—1

CL?
€2 N2T?2 /\max {N(TQ Tl Z Z (bL Az 2t Szt)¢L (Az ts Szt)}

=1 t=Ty
Similar to Lemma|[B.2] we can show that the maximum eigenvalue of the matrix inside the curly
brackets converges to Apax{ (T2 — T7) 7! tTi;ll E¢r(As, St)o] (A, S¢)}, which is bounded
by some finite constant under (A4). Under the given conditions on ¢ and L, the conditional
variance of given the data is of the order (NT')~2*~!, for some constant ¢ > 0, WPAL.
Notice that the probability of a standard normal random variable exceeding z is bounded by
exp(—2%/2) for any z > 1; see e.g., the inequality for the Gaussian Mill’s ratio (Birnbaum,
1942)). Since is a mean-zero Gaussian random variable given the data, it is of the order
O{(NT)=¢"'/2,/1og(NT)}, with probability at least 1 — O{(NT)~“} for any sufficiently
large constant C' > 0. This together with Bonferroni inequality yields the desired uniform
upper error bound for the first term. As for the second term, notice that by Lemma the
difference d; ¢ ( B\[Tl 1)) — 67, decays at a rate of (NT')~¢ for some constant ¢ > 0, uniformly in
1,t, T, Th, WPA1. Based on this result, we can similarly derive the upper error bound for the

second term. This completes the proof.

Step 3. By triangle inequality and (A1), the difference | TS} — TS?**| can be upper bounded

10



by
eTzTZZ/W 0,5) b0y — by + OLNT~4) |t (als)pl(s)ds
< max E)TZTZ;/W 0, 5) bz — bpow)|78(als)pt(s)ds

+O(N™“T™)  max / a, s)v|r;(als
( ) o S o i TT Z; 67 (a, )l als)pl(s)ds

WPAL. The first term on the RHS is O{(NT)~“¢} under the given conditions in the statement
of Theorem 1] Under (A2), {p;}: is uniformly bounded. So is {p?}:. It follows from (A4) that
the second term is O (N ~7T~°"). This yields the first assertion in (B.9). The second assertion
can be similarly proven based on the result supy, 7, ||§[T1,T2] = B,y ll2 = O(L™) for some

constant ¢ > 1/2, WPAL, as shown in Lemma [B.1]

Step 4. As we have commented, the proof is based on the high-dimensional martingale cen-
tral limit theorem developed by Belloni and Oliveira (2018). Let Z and Z° denote the high-
dimensional random vectors formed by stacking the random vectors in the set and
(B.12), respectively. It can be represented as ZM Z; where each Z;, depends on the data
tuple (S; ¢, Air, Rit, Sit+1). We first observe that it corresponds to a sum of high-dimensional
martingale difference. Specifically, for any integer 1 < g < NT, let i(g) and (g) be the

quotient and the remainder of g + 7" — 1 divided by 7' that satisfy
g={i(g) —1}T +1t(g)+1 and 0<t(g) <T.

Let 7O = {5, 9, A1o}. Then we recursively define {F9)},. < nr as follows:

Flo) _ { FODUARige): Sitaratorrr Ao}, ift(g) <T = 1;
Flomlu {Ri(g),T—lvSz(g),Tys(g)H,o,A +1,0}, otherwise.

NT Z ZNT Zi(g).t(g)- Similarly, we can rewrite A

This allows us to rewrite Z as Z
as Z;V:Tl 79, Under the Markov assumption (MA) and conditional mean independence as-
sumption (CMIA), it forms a sum of martingale difference sequence with respect to the fil-

tration {o(F@)},5, where o(F) denotes the o-algebra generated by F. Similarly, we can

11



NTZ

represent 2, = Z 9 The test statistic can be represented as

*k —U
TSp = e \/ ZZ [165a.5)Zupts)mals)is
TP

u

Due to the existence of the max operator and the absolute value function, TS7" is a non-
smooth function of Z. We next approximate the maximum and absolute value functions using
a smooth surrogate. Let § be a sufficiently large real number. Consider the following smooth

approximation of the maximum function, Fy({t, }.), defined as
5105(3" exp(01,)
7 log d exp(01)y

It can be shown that

logT
max 1y < Fy({tutercucioor) < max 1, + —o (B.19)

eT<u<(1—e)T eT<u<(1—e)T 0

See e.g., Equation (37) of (Chernozhukov et al. (2014).
Similarly, we can approximate the absolute value function |z| = max(z,0) + max(—z,0)

by 6‘1{log(1 + exp(0z)) + log(1 + exp(—0z))}. Define the corresponding smooth function

Z.) as
YA TQZZ / {log(1 + exp(07, (a,5)Z,)) + log(1 + exp(—06] (a, 5)Z,)) k()7 (als)ds

Similarly, we have ¢, < f3(Z,) < 1, + 071 log 2. This together with (B.19) yields

log(27)

TST" < Fy({fo(Zu)}u) < Fo({thy + 607 log2},) < TST" + 0

(B.20)

For a given z, consider the probability P(v/ NTTS]* < z). According to Section B.1 of Belloni
and Oliveira (2018)), for any 6 > 0, there exists a thrice differentiable function / that satisfies

|| <671, || < 672K and || < 673K for some universal constant X > 0 such that

I(z < z/V/NT +6) < h(z) <I(z < z/VNT + 46). (B.21)

12



Define a composite function m({Z,}.) = h o Fy({fo(Z,)}.). Combining with
(B.20) yields that
P(VNTTS]" < z) <Em({Z,}.) <P(VNTTS}" < z+ 4V NTY). (B.22)
Similarly, we have
P(V' NTTS!™ < z|Data) < E[m({Z%},)|Data] < P(V NTTS!™* < z + 4v/NT§|Data),
where Z? is defined in (B.12). This together with (B.22)) yields that
max{max |P(VNTTS?** < z|Data) — P(VNTTS™ < z — 4/ NT9)|,
max |P(VNTTS}™ < z|Data) — P(VNTTS}* < 2 + 4V NT6)|} (B.23)
< [Em({Z.}) — E[m({Z,}.)Data]|.
We next apply Corollary 2.1 of Bellon1 and Oliveiral (2018)) to establish an upper bound for

[Em({Z,}.) — E[m({Zt}.)|Data]|. Similar to Lemma 4.3 of Chernozhukov et al.[(2014), we

can show that ¢y = sup, ., [m(z) —m(z')] <1,

82
Ca = sup m(z) <0 2L+ 619L,
2 e 8Zjlazj2
337”(2) —3713/2 —2n713/2 —1p273/2
CgESUpZ ——————— | R0 LY+ 0Ol 007 L,
2 1 ads azjlazjéazjs

under (A4). In addition, similar to Lemma we can show that the quadratic variation pro-
cess Y, B{Z(Z@)T|F9=D} will converge to some deterministic matrix with elementwise
maximum norm bounded by C\/log(NT)/(eNT)?? for some constant C > 0, with proba-

bility at least 1 — O(N~2T~2). So is the conditional covariance matrix of Z° given the data,

e.g.,

=t=4V,U st >

g

Moreover, under (A4), the third absolute moment of each element in Z9 is bounded by
O(N—3T—3\/L). Let 6 = 0=, It follows from Corollary 2.1 of Belloni and Oliveiral (2018)
that

62L+/log(NT) 6312
(eNT)3/2 e3(NT)?’

[Em({Z.}) — E[m({Z)}.)Data]| < (B.24)

13



WPA1. Notice that +/ NTTS]" has a bounded probability density function. It follows that
sup IP(WVNTTS]* < z—4VNT$) —P(VNTTS]* < z+ 4V NT6)| X VNTS. (B.25)

By setting = (NT')° for some constant 1/2 < ¢ < 2/3 — 2¢5/3, both the RHS of (B.24)
and decay to zero. In view of (B.23), we have shown that

sup IP(VNTTSY™ < z|Data) — P(VNTTS™ < z)| 5 0.
Similarly, based on (B.10]), we can show that
sup [P(VNTTS? < z|Data) — P(VNTTS; < z)| & 0.
The proof is hence completed.
B.2.2 Maximum-Type Tests

For any u, a and s, define the variance estimator 52(a, s) by

QgT( )Wlﬁ . N T-u—1
- i]lvs(ﬁ _Tu ch [Z Z ¢L Azt7Szt)¢L(Azt752t) zt(/B[T Kk, T— u])] { [T w,T— U}T¢Z(G,S)

1=1 t=T—k

T-1

1 N
L) 35>
=T—

=1t

1(Ais, Si0)01 (Ais, Si4)02, (Bpr- m] Wik, m}t or(as).

u

We next show that both the unnormalised and normalised maximum-type tests have good size
property. The proof is very similar to that in Section We provide a sketch of the proof
and outline some major key steps only.
Proof for the unnormalised test: The first step in the proof is to show that \/W(TS<>o —
TS..) = o,(1), where TS is a version of TS, with @[ThTz] replaced by the leading term
according to (A1). By Assumptions (A1), (A4) and the condition that (NT)?*~1 > L, this
can be proven using similar arguments to Step 3 of the proof in Section

The second step in the proof is to show that vV NT(TS?, — TS?*) = 0p(1) where TS2* is a
version of TS”_ with /W[Tl ,1») and 5i,t(§[T1,T2]) replaced by their oracle values Wir, 1) and 0,
respectively, for any 7} and 7T5. This can be proven using similar arguments to Steps 2 and 3 of

the proof in Section
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Notice that in the test statistic, the maximum is taken over all state-action pairs. Recall
that the state space is [0,1]%. Consider an e-net of [0,1]¢ with ¢ = /d/(NT)*. Let TS
and TS”** be versions of TS*, and TS”* where the maximum is taken over the c-net. Under
(A10), using similar arguments to Step 1 of the proof in Section we can show that
VNT(TS:, — TSY) = 0,(1) and vV NT(TS%* — TS%**) = 0,(1). This corresponds to the
second step of the proof.

Finally, the last step in the proof is to show
sup [P(VNTTS%* < z|Data) — P(VNTTSZ < 2)[ £ 0.

Similar to Step 4 of the proof in Section [B.2.1} this step can be proven based on the high-
dimensional martingale central limit theorem developed by Belloni and Oliveiral (2018]). To-

gether with the first two steps, we obtain that
sup [P(VNTTS!, < z|Data) — P(VNTTS < z)| 5 0.

The proof is hence completed.
Proof for the normalised test: Using similar arguments to Step 2 of the proof in Section|B.2.1}

we can show that WPA, (i) maxrp, 7, > H/I/I?[;ll T) lo =0O(1);

N Tr—-1

. . 1 T
(i) T;{}ggT Amin {m Z Z Or( A, Sit)r (Ai, Si,t)} > C,

i=1 t=T

for some constant C' > 0. In addition, by Lemma|B.1} the difference J; ;( E[TLTQ]) —0;; decays at

a rate of (N'T')~¢ for some constant ¢ > 0, uniformly in 4, ¢, 77, T5, WPA1. This together with
(i) and (ii) implies that there exists some constant C' > 0 such that 52(a, s) > C||¢1(a, s)||3
for any u, a, s, WPA1. This allows us to show vV NT(TS,, .. — TS;, ,,) = 0,(1) under a weaker

condition that does not require (N7T)?>*~! > [, where TS

n,00

is a version of TS, ., with

Q7 1) replaced by the leading term according to (A1). The rest of the proof can be established

in a similar manner as the proof for the unnormalised test.
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B.3 Proof of Lemma

We aim to establish the uniform rate of convergence of {sup, , |¢1(a, s)" B[Tl 1 — Q% (a,s)|
Ty — Ty > €T'}. Under (A2), the optimal Q-function Q°? is p-smooth (see e.g., the proof of
Lemma 1 in Shi et al., | 2021). This together with (A3) implies that there exists some 5* such
that the bias sup, , |Q”(a,s) — ¢; (a,s)5*| = O(L~), under the null hypothesis. By the

definition of 5[}1 7, We have

By — B = [ES(Ar, S){01.(Ar, Si) — vor(n? (Spi1), Sen)} ]
X[E¢r(As, SO{ R + 71 (17 (Si11), Sey1)B" — du(Ar, S1)B* Y-

Since HW[ETQ] l2 < & ||B{, 1) — 87 |2 can be upper bounded by

cl[Er (A, SO{R: +v0L (T (Spi1), Se1) B* — d1(Ar, Si) 87 }|2 < € sup Elv " or(Ay, Sp)l

veRL

XYoL (TP (Se1), Sex1)B* — YQP (TP (Sps1), Sex1) — SL(Ar, Sp) B+ QP (A, Syl

The second term on the RHS is of the order O(L ™). The first term on the RHS can be upper
bounded by ¢sup,cp: /ElaT¢r(Ar, S)? < &/ AmaxBor(Ar, S1)o) (Ar, Sp) = O(1), under

Condition (A4). As such, we have supy, g, |8/, 1,y — 8%[[2 = O(L™).

Under the conditions that ¢; > 1/2 and sup, , [|¢1(a, s)||2 = O(L'/?), we have sup, , 1, 1, [|¢(a, s) T (5*—
By )2 = O(L°) for some €, > 0. It follows that sup, , 1, 1, |Q™"(a, 5)—¢1 (a, ) By, 1| =
O(L~). Since L is proportional to (NT)* for some c5 > 0, we obtain that sup, , 7, 7, |Q”(a, s)—
¢1,(a, 8) B, 1yl = O{(NT) =0} for some ¢ > 0.
As such, it suffices to show sup, , ||¢L(a,s)T(§[T1,T2] = By myllz = O{(NT)™*}, or
equivalently, supy, 1, || Bry 1) — B, myll2 = O(L~°), with probability at least 1 —O(N~'T"1),
for some ¢ > 1/2. Under (A1), it suffices to show both the bias term supy, 7, [|bj7y 1|2 and the

standard deviation term | N (T}, — Tl)*lw[il,Tg] SN ZtTiil Gr(Aig, Siy)074|l2 are O(L™°).
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Under the null hypothesis, the bias term satisfies

To—1

1 *

o sl = sup | == Wiy D B (A SO0 (A, 503z — 5
11,15 T2 T = 2

To—1
opt T *
+oup | 7y Wi 2 BoulAe SHQ (A S) = 61.(Ar, )

1 2

By Cauchy-Schwarz inequality, the first term on the RHS can be upper bounded by

sup Wiz, gy l2llE¢z (Ae, S) b (Ar, Se) ' ll2ll By ) — B71l2 = O(L™).

t,11,T>

The second term can be shown to be O(L ™), using similar arguments in bounding || B[*Tl T

5|2
The assertion that

1 N Tx-1

;m;ﬁ%@ZZm&th

=1 t=T

sup
T, T

= O(v/L(eNT) '1og(NT)) = O(L™),

2

with probability at least 1 — O(N~1T~1) can be proven using the martingale concentration
inequality (see e.g., Corollary 3.1, Tropp, |2011) and the Bonferroni inequality, under the con-

dition that L = O{(NT')% } for some ¢; < 1/4. We omit the details to save space.

B.4 Proof of Lemma

We focus on establishing a uniform upper error bound for {|W[T17T2} Wi : To—=Ty > €T’}
in this section. The assertion that HW[il,TZ] |2 < ¢ can be proven by Lemma 3 of |Shi et al.
(2021)).

In Lemma we have established the uniform consistency of the estimated Q-function.

Under the margin condition in (AS8), it follows that

(67 (a, 8)Birym) — Q4 (a, s) — 6L (T (5), 8) By ) + QP (7 (s), )]
< Q7 (a,s) — Q7 (x ' (s), 5,

for any a and s, with probability atleast 1—O(N~1T~1). As such, we have arg max, ¢; (a, s) B[Tl T =

arg max, Q" (a, s) and hence Moy = 7o', with probability at least 1 — O(N~'T1). Tt

1,T2]
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follows that
N Tp—1

Z Z or(Ais, S {01 (Air, Sie) = ¥01 (TP (Si441), Sipi1) }(B.26)

=1 t=T
We next provide an upper bound on the difference between the RHS of (B.26) and W7, r,).

Define W[*T1 ) 38

1

Winrl = §, =y

1 N Tx—-1

N(T2 . Tl) Z Z Z Wb(a|Si,t)¢L<a7 Si,t)[¢L(a7 Si,t) — 7E{¢L(W0pt(si7t+1), Si,t+1)|Ai,t = a, 51'7,5}]—'—.

i=1 t=T1 a
The difference |/V[7[T17T2] — Wiz, 1) | can be upper bounded by |/VI7[T17T2} - /W[’%’Tz” + |W\[*T1,T2} -
W[Tl 5] | .

—~

Under CMIA, the first term /I/I?[TI,B] - W

Ty T corresponds to a sum of martingale dif-

ference. Using similar arguments to the proof of Lemma 3 of Shi et al.| (2021), we can

show that the first term is of the order O(y/(eNT)~1Llog(NT)), with probability at least
1 — O{(NT~3)}, under the condition that 7, — T} > €T. See also, Freedman’s inequal-
ity for matrix martingales developed by Tropp| (2011). It follows from Bonferroni’s inequal-
ity that supy, 7, Wi, 1) — Wi,y ll2 = O(v/(eNT)~TL1og(NT)), with probability at least
1—O{(NT)'}.

It remains to bound ||/I/I7[”‘T1 1,0 — Wi, m)l[2- Let I'g be an e-net of the unit sphere in R that
satisfies the following: for any v € R with unit ¢, norm, there exists some v € Iy such that
|lv — wll2 < e. Sete = (NT) 2. According to Lemma 2.3 of Mendelson et al. (2008), there
exists such an e-net Iy that belongs to the unit sphere and satisfies [[o| < 5%(NT)?~.

For any vy, v5 with unit ¢, norm, define
Uy(a, s,v1, ) = m(als)v] ¢r(a, 5)[¢r(a, s) = YE{SL (7P (Si11), Ser)| A = a, S = s}] T va.

The difference HW[*Tl 1] — Wir, ;] [|2 can be represented as

N T>—1
1
sup AT/ {\Ijt(aa Si,tal/bVQ) _E\Dt<a7si,taylay2)} .
i lla=lal=t | N (T2 = T1) ; t:ZT ;

We first show that W,(a, s, v, 1) is a Lipschitz continuous function of v; and v,. For any

1, Vs, V3, 1y, the difference W, (a, s, v1,15) — Vy(a, s, v3, 14) can be decomposed into the sum

18



of the following two terms:

m(als) (1 — vs) T dr(a, s)[dr(a, s) — VE{oL(T (Si1), Siv1)|Ar = a, Sy = s} Twe
—|—7rf(a\52)y3T¢L(a, s)or(a,s) — ’YE{QbL(WOpt(StH)a Se1)|Ar = a, Sy = 5}]T(V2 — ).

The first term is O(L), by the condition sup, ®1(s) = O(v/L) in (A4). Similarly, the second

term is O(L) as well. To summarize, we have shown that
|\Ilt(aa S1, V17V2) - \Ilt(aa S92, V37V4)| S CL(HVI - V3||2 + ||V2 - V4||2)7

for some constant ¢ > 0.
For any vy, v, with unit {5 norm, there exist v o, 5o € Iy that satisfy ||y — vy 9|2 < € and

|ve — vapll2 < e. As such, V(a, s1, v, v0) — Vi(a, S2, 11, Vo) can be upper bounded by

N Tp—1
1 2cL
sup ~ N {‘I’t(a, Si,t; V1,0, V2,0) - E‘Pt(a, Si,ta V1,0, V2,0)} + .
v1,0,v2,0€00 N(T2 - Tl) Zzl t—ZTl ; (NT>2

It remains to establish a uniform upper bound for the first term. We aim to apply the
concentration inequality developed by Alquier et al.| (2019). However, a direct application of
Theorem 3.1 in |Alquier et al.| (2019) would yield a sub-optimal bound. This is because each
summand W, (a, S, V10, V2 0) is not bounded, since ||¢||2 is allowed to diverge with the number
of observations. To obtain a sharper bound, we further decompose the first term into the sum

of the following two terms:

N Tp—1
1
sup |+ Z Z Z[‘I’t(% Sits V1,0, V2,0) — E{W(a, Sit, V1,0, V2,0)|Sie-1}]
v1,0,v2,0€10 N(T2 - Tl) i=1t=T1 a
27)
1 N Tr—1
+ sup N [E{\Dt<a»5’i,taV1,07V2,0)|Si,t—1} _E\I’t(av S@t,Vl,O,VQ,O)] )
v1,0,02,0€0 N(T2 - Tl) ZZ:; tzj;l za:

The first term corresponds to a sum of martingale difference. Using similar arguments
in showing supy, 7, Witz — /W[}LTQ}HQ = O(y/(eNT) 'Llog(NT)), we can show that
the first term in is of the order O(\/(eNT)~'Llog(NT)), with probability at least
1 — O(N~'T~1), where the big-O term is uniform in {(77,Ty) : To — T} > €T'}.
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As for the second term, notice that by definition, E{W,(a, S, 110, 12,0)|S:—1 = s} equals
/ my(als" v yor(a, s")[or(a, s') — YE{GL (7 (Si1), Six1)| A = a, Sy = §'H o opi—1(']a, s)ds'.
Under the p-smoothness condition in (A2), E{U,(a, S, v10,v20)|St—1 = s} is a Lipschitz

continuous function of s. However, unlike V,(a, s, 1 o, 12), the integrand

|7t (als")vioor(a, s)[ér(a, ') = YE{L (T (Si1), Si)|Ar = a, S, = s'}] "1

is upper bounded by a constant, under the condition max; Apax{Edr(As, Si)p) (As, Sp)} =
O(1) in (A4). See e.g., Equation (E.77) of Shi et al. (2021). As such, the Lipschitz constant
is uniformly bounded by some constant. Consequently, the conditions in the statement of
Theorem 3.1 in|Alquier et al.[(2019) are satisfied. We can apply Theorem 3.1 to the mean zero

random variable

N Tp-1
1

N(TQ — Tl) Z Z Z[ { t(a7 S’L,ta Vl,Ou V2,0)|Sz,t 1} t(aa Sz,t7 V1,07 VQ,O)]?

=1 t:Tl a

for each combination of 1 g, 1,9, 11, T%, and show that it is of the order O(y/eL(NT)~'1log(NT))
with probability at least 1 — O(N~¢LT~CL), for some sufficiently large constant C' > 0. By

Bonferroni’s inequality, we can show that

N Tp—1
1

sup sup m Z Z Z[‘I’t(% Sz’,ta V1,0, V2,0) - E{‘Pt(% Sz’,ta V1,0, VQ,O)’Si,t—l}] )

To—Tr>€eT v1,0,v2,0€l0 i=1 t=T, a

is upper bounded by O(y/Le }(NT)~!log(NT)) with probability at least 1 — O(N~'T~1).

B.5 Proof of Theorem

Without loss of generality, assume 7, = 0. We only consider the /;-type test. The proof for

the maximum-type test can be similarly derived. Under the given conditions on 7™, we have

(T —T* 1 ~ ~
15, > T { ¥ 2 B S0 = Qo (A Sz-,t>|}

(B.28)

1 ~ ~
> Vel —e) {W Z |Qro.7+)(Ad, Sip) — Qe (Ais, Si,t)’} :
it
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Under (A3), there exist some 3} and 37 such that

sup |Qg" (a, s) — ¢ (a,5)55] = O(L™*) and Sup Q7" (a,s) — 1 (a,5)57] = O(L™*(B.29)

Using similar arguments in the proof of Lemma [B.I] we can show that

max(|| 8o — Billes | By — Bill2) = O(L™2) + O(y/L(eNT)'log(NT)), (B.30)

WPAL1. Using similar arguments in Step 1 of the proof of Theorem|[I] we can show that the last

line of (B.28) can be well-approximated by

T-1
«/e(;— €) Z Z/|@[O,T*}(a, s) — @[T*ﬂ(a, s)|7b(a|s)pl(s)ds, (B.31)
t=0 a S

with the approximation error upper bounded by \/e(1 — €)L(NT) ' log(NT), WPAL.
By (A4) and Cauchy-Schwarz inequality, we have

}:/WRmQM%§§:¢/WRm$W%&5W%Mm(/©d$ﬂﬁﬂa:ﬂMb
This together with (B.28), and (B.31)) yields that
e(1—
15, > YU =9 EZZ/MaM%%MMMU

+O(y/L(NT) L1og(NT)) + O(L™),

WPAL1. Combining this together with (B.29) yields that

15, > Y19 22/Wﬁ — Q' (a, )| als)ph(s)ds

O(/L(NT) '1og(NT)) + O(L™),

WPAL. In addition, using similar arguments in Step 2 of the proof of Theorem [I| we can show

that the bootstrapped test statistic TSY is upper bounded by O(y/L(NT)~'log(NT)), WPAL.
Under the given condition on A, TS, is much larger than the upper ath quantile of TS, WPA.
As such, the power of the proposed test approaches 1 under the alternative hypothesis. This

completes the proof.
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B.6 Proof of Theorem

We first show the consistency of the estimated Q-function. In FQI, we iteratively update the

Q-function according to the formula,
2
Q(k+1) = arg min Z {Ri,t + Y max Q(k) (CL, Si,t+1> — Q(Aiﬂg, Si,t)} .
Qi ¢
At the kth iteration, we define the population-level Q-function

Q(k+1)’*(a, S) — r(a, 8) —l—’ymé}}(/ Q(k)(a/7$/)p(3/‘a>s>d$/' (B32)

According to the Bellman optimality equation,

@(0,9) = rla,) +ymax [ QU S)p(sas)ds

)

It follows that

sup [Q7(a, s) — Q¥ V(a, 5)| < sup |QUHD(a, 5) — Q) (a, 5)| + sup Q7 (a, 5) — Q™ (a, 5)]

a,s a,s

< sup [Q" ) (a, 5) — Q¥ (a, 5)| + v sup [Q7(a, 5) — QW(a, 5)|.

a,s

Iteratively applying this inequality for k = K, K — 1,--- , 1, we obtain that
sup [Q7(a, 8) — Qpry1)(a,9) < Y 7" Fsup [QUTV* (a, 5) — Q¥ (a, )|
a,s & a,s

7 sup [Q (a, 5) — Q) (a, s)].

a,s

(B.33)
As K diverges to infinity, the second term on the RHS decays to zero. The first term is upper
bounded by

1 *
T S Q¥ (a,5) — Q¥ (a, s)]. (B.34)

It remains to show this term decays to zero as the sample size approaches to infinity.
Let 3%) denote the estimated regression coefficients such that Q%) (a, s) = ¢] (a,s)3").

We claim that there exist some constants C, C' > 0 such that

sup max |Q™(a,s)| < C and . 1{nax }Hﬁ(k)Hg <C, (B.35)
{0, j

a,s k€{0,,5}
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with probability at least 1 — (j + 1)/(NT), for sufficiently large NT. The values of C and C
will be specified later.

We will prove this assertion by induction. Using similar arguments in the proof of Lemma

we can show that
1 N To—1 | e
¢(A7L,7Si7)¢ (Ai77Si7)T_ E¢ (A’S)¢ (A,S)T
"N(TQ—Tl);tZT:l L t t)¥L t t T2—T1tz;1 L\ A, Ot )DL\ Aty Ot 2.36)

< cy/L(eNT)-tlog(NT),

for some constant ¢ > 0, with probability at least 1 — N7, Under (A6), Apin{(T> —
7)™t tTi;ll E¢r(As, Si)or(As, S;) '} is uniformly bounded away from zero. On the event
set defined by (B.36)), for sufficiently large N'T', there exists some ¢ > 0 such that

N Tpx—1

1
Amin {m Z Z Or(Aig, Sin)or(Ai, Si,t)T} > C. (B.37)

i=1 t=T

When k£ = 0, this posit assertion in holds as long as sup, , |Q®(a, s)| < C and
18@]] < C. Suppose the assertion holds for & = 0,1,---,.J. We aim to prove this asser-
tion holds for & = J + 1. Since the reward is uniformly bounded, so is sup, , |(a,s)|. We
will choose C' to be such that C' > 2(1 — ) 'sup, ,|r(a,s)|. It follows from that
sup, , |Q*)*(a,s)| < (1+~)C/2. In addition, define

T—1 - -1
1 1
Bl = {B —7 > Eou(A S)ew(As St)T} {Tz —7 > Eou(A4, $)QU (4, 5)

t=T1 t=T,

By (A4) and (A6), there exist some constants ¢, C' > 0 such that || 3*+1)*||, < ¢C. We choose
C' to be such that C' > 2¢C. As such, it suffices to show that on the set defined in (B.37), the
estimation errors sup, , |Q**V (a, s) —Q*™)*(a, s)| < (1—~)C/2and ||+ — gltl*||, <
cC, with probability at least 1 — (NT)~.

Under (A2), there exists some 31 such that sup, , |Q*"V*(a, s)—¢] (a, s) fHFTD**| <
coL~¢2 for some constant ¢y > 0. Using similar arguments to the proof of Lemma|[B.1] we can

show that sup,, ||g+1)* — plk+1)||, = O(L~*). Since L is proportional to (NT)% for

some cs > 0, for sufficiently large NT', we have ||gk+D** — plk+1)%||, < ¢C/2 and hence
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| 3%+, < 3cC/2. Therefore, to show [|3*+1) — plk+bx|l, < ¢, it suffices to show
HB(kJrl) _ 6(k+1)’**||2 < CC/Q.
By definition, we have

N Tr—-1

-1
5(k+1) . 5(k+1), — {M;E Z Z ¢L Alt,SZ t)¢L(Az taSzt) }

=1 t=Ty
To—1

T2 ) O1(Aies Sit) {Rig + ymax 1 (a, Si41)8" - cbI(Aiyt,si,t)B(“”’**}]'
1

||M2

On the set defined in (B.37), |3+ — B%+1-*||, is upper bounded by

N T>—1
Sup ZZ(bL Alt7S’Lt
185 l2<2¢C, 18T [|2<3eC /2 'N (I =) = £ T
supg . [r(a,s)+y [, maxy ¢ (a/,s") 85 p(s'|a,5)ds' —¢] (a,s) B85 | <coLe2
T k+1
X{R/L’7t +’YH’1{§%X ¢L(a7 Si,tJrl) QbL (Az t?SZ t) ( ) **} .

Using similar arguments to Step 1 of the proof of Theorem[I] we can show that the upper bound

is of the order O(L~?)+O(\/L(eNT)'log(NT)), with probability at least 1 — (NT")~'. For

sufficiently large N'T, the assertion |31 — plk+1)+x||, < ¢(C/2 is automatically satisfied.
Moreover, by (A4) and the condition that L is proportional to (N7")% for some 0 < ¢5 < 1/2,
we obtain that sup, , |Q**(a,s) — Q¥+V*(a,s)| < LY?*C + L\/(eNT)log(NT) <

(1 — ~)C'/2. The assertion is thus proven.

Under the given conditions on K, the maximum number of iterations, we obtain that both
Q\[TLTQ] and B[TLTQ] are uniformly bounded WPA1. In addition, using similar arguments, we
can show that the estimation error decays to zero, WPA1. According to (B.33)), we have

opt (k+1) ﬁ)O
KB P 19T 09— Q)

By (A9), we obtain that arg max, ¢; (a, s)3*1) = 7P!(s), for any K/2 < k < K ,WPALI.

As such, B#+1 equals

N Tp—1 “1r N 11
{Z > br(Aie, Si)br(Ase, Sz-,t)T} [Z 3" 60(Ais Sut) {Rig + 108 (17 (Sii1)s Sian) 58}

i=1 t=T1 =1 t=T
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It follows that

N Tp—1 !
(ﬂ(kJrl) . 5[*Tl,T2]> — {Z Z qu(Ai,t, S@t)gﬁL(Ai,t, Si,t)T}

N =hi=h (B.38)
X >N bn(Ai, Sia){Rig + 701 (7% (Sinr1), Sias1) BYY} — &f (Ai, SZ-,»@rTl,TQ]] :

=1 t=T}

We next derive the asymptotic normality of B\[Tl 1»)- Without loss of generality, suppose K

is an even number. Applying (B.38) fork = K, K —1,--- , K/2 + 1, we obtain that

K/2
5[T1,T2} - 5[*T1,T2] = ﬁK/Q(B(K/2+1) B ﬁ[*Tl,Tz}) + L !
=0
where
- Ty_1 LN 1
E — {Z ¢L(Ai,t, S,L'7t)¢L(AZ'7t, SLt)T} {Z Z ¢L(Ai,t7 Si,t)(b—lL—(ﬂ'opt(Si,t-Fl)J Si,t+1>}
i=1 t=T =1 t=T,
R N Tp—1 -1
and ¢ = {Z Z OL(Air, Sit)orn(Ai, Si,t)T}
=1 t=T
N Tp—1
X [Z Z Or(Ais, Si){Riz + 701 (77 (Siza1), Sii+1)Br, 1) F — or (Aip, Si’t)BrThTﬂ] '
=1 t=T1

Similar to Lemma 3 of [Shi et al| (2021), under (A6), we can show that ||y < 4 for some

v < 1, WPA1. Under the given conditions on K, we obtain that
B — By = (I = L) U+O (N~T™),

with probability at least 1 — O(N~'T~1). Notice that

N Tp—1

-1
(I-L) = [Z S” 61 Ais, Si{br(Aie, Sia) — 701 (T (Sias), si,tH)}T]

i=1 t=T}

N Tp—1
X [Z D 0n(Ais, Si){Riy + 164 (7% (Sias), Siv) Bl } — 01 (Ais sz-,twahTQ]] .
=1 t=T}

The assertion follows using similar arguments to the proof of Lemma[B.2] We omit the details

to save space.

25



C More on the numerical study
C.1 Smooth Markov Chain Transition

The way we generate a smooth transition function is to first define a piecewise constant func-
tion, and smoothly connects the constant functions through a transformation. Specifically, let
the piecewise constant function with two segments be f(s,t) = fi(s)I{t < T*} + fo(s)I{t >
T*}, where f; and f, are functions not dependent on t.

We now introduce a smooth transformation ¢(s) = %, where ¥(s) = e[ {s >
0}. Then g(s; f1, fa, S0, 1) = f1(s) + (fa(s) — fi(s))¢ (%) is a smooth function from
f1 to f» on the interval [so, s1]. In addition, the transformed function f(s,t) = fi(s)I{t <
T — 0T} + g(s; f1, fo, 50, 51)I{T* — 6T <t <T* + 6T} + fao(s)I{t > T*} is smooth in s.
Here 0 controls the smoothness of the transformation; smaller ¢ leads to more abrupt change

and larger ¢ leads to smoother change. An example of f(s, t) is shown in Figure

Transformed function

Figure 1: Smooth transformation of piecewise constant function: fi(s) = —I{s < —2} and

fa(s) = I{s > 2}.

The four settings of transition dynamics are specified as the following.
(1) Time-homogeneous state transition function and piecewise constant reward function:

SO,t—H = 0-5A0,t50,t + 204, te [0, T]

R, — 7”1(50715, A(]’t;t) = _1-5A0,t50,t7 ift [O,T*>
" ra(Sos Aosit) = Ao ySos, ift € [T%,T),

[}
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(2) Time-homogeneous state transition function and smooth reward function:

SO,H—I = 0-5A0,t50,t + Z(),t,t S [0, T]

r1(So,t, Aot 1), ift € [0,7* — 6T,
Roy =4 g(Sos;r1,7m0, T* — 6T, T%), ift € [T — 0T, T),
72 (S0, Aogi t), ift e [T, 7).

(3) Piecewise constant state transition and time-homogeneous reward function:

{Fl(So,t, Aoiit) = —0.540450 + 204, ift €[0,77),
Sot+1 =

FQ(SOJ, A(),t; t) = 0~5A0,tSO,t + Z(),t7 lft - [T*, T]

Roy = 0.25A0,55, +4So,,t € [0, 7.

(4) Smooth state transition and time-homogeneous reward function:

F1<S[)7t,A07t;t), lft - [O,T*),
S(),t_i,_l = g(SOJ;Fl,FQ,T* —(ST,T*>, ift € [T* —5T, T*),
Fg(Sgyt,A()’t;t), lft I~ [T*,T]

R(),t = 0.25A0,tS§7t + 4SO7t,t € [0, T}

C.2 Simulation Setting of IHS Data

We initiate the state variables as independent normal distributions with S;o; ~ N(20,3),

Sio2 ~N(20,2),and S; 035 ~ N(7,1), and let them evolve according to

Si 41,1 _ _
Site12 | = Wi(Aig)Sid{t € [0, T*)} + Wa(A;)Si I{t € [T, T} + 2y,
Si 41,3

where the transition matrices are

10 +0.64;;, 0.4+ 0.34;, 0.1—0.14;, —0.04 0.1
Wi(Aiy) = | 11— 0.44,, 0.05 0 0.4 0],

1.2-054;,  —0.02 0 0.03+0.034;;, 0.8

10 — 0.64;, 0.4—0.34;, 0.1+0.14;, 0.04 —0.1
Wao(Ay) = | 11— 0.44,, 0.05 0 0.4 0 |,

124054,  —0.02 0 0.03 —0.034;, 0.8

Sit=(1,8;,)", and 2;; ~ N3(0,diag(1,1,0.2)) is random noise.
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